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Abstract. A new approach in deriving Sum of Power series using reverse look up method, a ,method where 
a mathematical formulation is constructed from set of data. Faulhaber [1] derived a general equation for 

Power sums and calculated the terms up to p=17 (i.e.∑
=

n

i

p
ix

1
 ). However, these formulae only work for 

integers from 11 =x  to nxn = . A depth study on Power series revealed a systematic general equation which 
applicable for all numbers with a condition that the series should be in an arithmetic progression without the 

power p (i.e.∑
=

n

i
ix

1
 ). The general formulation is given as follows 
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Where, ii xxt −= +1 , jφ  is a coefficient  and 10 =φ  
As can be read in the paper part II, the generalized equation works well with real p. The approximation 

value of ∑
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 will converge to the real value when ∞→m . Therefore it offers new way of expressing 

Riemann’s Zeta Function [2] in form of symmetric function. 
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1  Introduction. 
 
The detail of the coefficient for equation [1] is given as follows: 
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By expanding equation [1] for non-integer p, yields: 
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In this paper “s” is replaced with t in order not to be confused with s as in the Riemann’s Zeta Function ( )sς . 
 
Rewriting the equation [2], yields: 
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Let p as negative (i.e. qp −= ) and rewriting equation [3] yields: 
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Expanding equation [3] with some of the coefficients jφ  yields: 
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Now, let 2=n  and 1−=p  or 1=q  
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Therefore, more coefficients jφ  are needed for a better approximation. Considering more coefficients jφ , yields: 
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Now, let 3=n  and 1−=p  or 1=q  
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Therefore, more coefficients jφ  are needed for a better approximation. Considering more coefficients jφ , yields: 
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Now, let 100=n  and 1−=p  or 1=q  
Using sum of arithmetic progression yields: 
Let, 
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However, when n is getting larger, the term of 
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ntf φφφφ  is getting difficult to calculate. Therefore, an 

approximation method should be developed. The method is given as follows: 
 

    Figure 1.0 Illustration of function )(xf . 
 

 
 
 
Assuming total area under A1A2 is the area of triangle A1A2B1 plus area of rectangle B1A2C2C1 is equal to a 
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Also: 
 
Trapezium area under A2A3C3C2  is equal to the area 2TA   
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Therefore, the total area under the curve from A1 to An is given as follows: 
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Adding both sides with A1 and An , yields: 
 

[ ] n

n

nn AAdxxfAAAAAA ++=++++++ ∫− 1
1

13211 )(2)222( L  

[ ] n

n

nn AAdxxfAAAAA ++=+++++ ∫− 1
1

1321 )(2(2 L  

[ ]
22

)( 1

1
1321

n
n

nn
AAdxxfAAAAA ++=+++++ ∫−L       [15] 

Further simplifying equation [16] yields: 
 

22
)( 1

11

n
nn

n
AAdxxfA ++= ∫∑           [16] 

 
Since A1=1, thus: 

22
1)(

11

n
nn

n
A

dxxfA ++= ∫∑           [17] 
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A better approximation could be achieved by adding the first p terms in which the radius of curvature is higher and 
contributing higher error due to the assumption that the area under the curve is a perfect trapezium. However, as 

∞→n , the radius of curvature of the curve is getting smaller and making the line a straight line. Thus giving a 
better trapezium shape, the corrective method is done as follows: 
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Or in the form of Euler’s constant, 
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As ∞→p , →γ Euler’s Gamma Constant. 
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It is found that the calculation done by the method formulized in this paper giving better approximation for smaller 
n and p than Euler-Mascheroni’s method. The comparison of these two methods can be seen  as follows: 
  
Let the derived harmonic approximation equation as follows: 
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and Euler-Mascheroni’s method as follows: 
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Where 0.57721566490153286060651209008240243104215933593992 is the Euler’s Gamma Constant. 
 
 
 
 



Now let n=50 
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Let the error in calculation in Euler’s method be eE and it is given by direct calculation value minus calculated value 
using Euler’s method, thus: 
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Error ratio between Euler’s and derived method R is given as follows: 
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As np → the error 0→aE . Therefore, to increase the accuracy the value of  p needs to be increased.  
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Lets p=20, yields: 
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Direct calculation using MathCad, yields: 
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The error in [38] is given as follows: 
 
 Error=Direct Calculation Value – Approximation Method’s Value 

        7152981340.0000911992550272.61953444-640800852.61962564 ==    [40] 
 
 

2  The Riemann’s Zeta Function for real and complex number s using Symmetric Function and 
Approximation Method. 
 
Lets consider an integer progression as follows, 
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For Riemman’s zeta function, p=-s 
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Rewritting equation [19], yields 
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For harmonic series, 1=s  
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Therefore, )1(ς is always twice the infinite sum of reciprocal of odd number and the sum diverges as ∞→m . 
For special case, now consider when 2=s  
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Not to lose generalization, let m=n as both approaching infinity. Thus 
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This shows that the value converges to a limit when s=2. 
 
Let 3=s , then 
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Not to lose generalization, let m=n as both approaching infinity. Thus 
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This shows that the value converges to a limit 4 when s=3. 
 
Let 4=s , then 
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Not to lose generalization, let m=n as both approaching infinity. Thus 
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This shows that the value converges to a limit 
9
32  when s=4. 

Repeating the same procedure for values of s up to 7, yields these limits: 
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These values show that the Riemann’s Zeta Function converges for 1>s ( Ζ∈s  ). The approximation values of 
Riemann’s Zeta Function above can be calculated using the method as follows: 
 
By referring to     Figure 1.0 and equation [16], yields: 
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Therefore, the generalize equation for Riemann’s Zeta Function with the modification part is given as follows: 
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Let x=n and Riemann’s Zeta Function of this form, 
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Not to lose generalization lets take the limit n to a certain value instead of to infinity. Therefore, 
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Let n=1000, s=2, various value of p and the error compared to the direct value calculated by MathCAD. 
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         Table 1.0 Tabulation of p and Error  
 

p ∑
=

p

x
sx1

1
 )2(ς  ∑

=

1000

1

1
x

sx
 Error 

1 1.000000000 1.624000500 1.6439345667 0.0199340667 
5 1.463611111 1.643167167 1.6439345667 0.0007674000 
10 1.549767731 1.643809553 1.6439345667 0.0001250132 
15 1.580440283 1.643893908 1.6439345667 0.0000406582 
20 1.596163244 1.643916578 1.6439345667 0.0000179883 
25 1.605723404 1.643925087 1.6439345667 0.0000094797 
30 1.612150118 1.643928973 1.6439345667 0.0000055932 



35 1.616766915 1.643930995 1.6439345667 0.0000035715 
40 1.620243963 1.643932149 1.6439345667 0.0000024178 
45 1.622956929 1.643932855 1.6439345667 0.0000017120 
50 1.625132734 1.643933311 1.6439345667 0.0000012562 

100 1.634983900 1.643934405 1.6439345667 0.0000001616 
200 1.639946546 1.643934546 1.6439345667 0.0000000204 
500 1.642936066 1.643934566 1.6439345667 0.0000000012 
999 1.643933567 1.643934567 1.6439345667 0.0000000000 

 
Let n=1000000000, s=2, various value of p and the error compared to the direct value calculated by MathCAD 
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       Table 2.0 Tabulation of p and Error 

p ∑
=

p

x
sx1

1
 )2(ς  ∑

=

1000000000

1

1
x

sx
 Error 

1 1.000000000 1.624999999 1.6449340578 0.0199340588 
5 1.463611111 1.644166666 1.6449340578 0.0007673922 
10 1.549767731 1.644809052 1.6449340578 0.0001250054 
15 1.580440283 1.644893407 1.6449340578 0.0000406504 
20 1.596163244 1.644916077 1.6449340578 0.0000179805 
25 1.605723404 1.644924586 1.6449340578 0.0000094718 
30 1.612150118 1.644928472 1.6449340578 0.0000055854 
35 1.616766915 1.644930494 1.6449340578 0.0000035637 
40 1.620243963 1.644931648 1.6449340578 0.0000024099 
45 1.622956929 1.644932354 1.6449340578 0.0000017041 
50 1.625132734 1.644932810 1.6449340578 0.0000012483 

100 1.634983900 1.644933904 1.6449340578 0.0000001537 
200 1.639946546 1.644934045 1.6449340578 0.0000000125 
500 1.642936066 1.644934065 1.6449340578 -0.0000000067 
1000 1.643933567 1.644934066 1.6449340578 -0.0000000078 

 
Now consider equation [68] and s=i with n=1000000000, thus 
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                Table 3.0 Tabulation of p and Error 

p ∑
=

p

x
ix1

1
 )(iς  ∑

=

1000000000

1

1
x

ix
 Error 

1 1.000000000 328084502.43116593-
626386909.43574643i 

328084502.45810407-
626386909.40598357i 

0.02693814+ 
0.029762864i 

5 2.368896329- 
3.511819565i 

328084502.44450605-
626386909.4010824i 

328084502.45810407-
626386909.40598357i 

0.013598025-
0.004901171i 

10 0.041897577- 
7.845484348i 

328084502.45292091-
626386909.39856672i 

328084502.45810407-
626386909.40598357i 

0.00518316-
0.007416844i 

15 -4.108237633- 
10.579943699i 

328084502.45616931-
626386909.39928579i 

328084502.45810407-
626386909.40598357i 

0.001934767-
0.006697774i 

20 -8.932370386- 
11.833954472i 

328084502.45766264-
626386909.40019417i 

328084502.45810407-
626386909.40598357i 

0.000441432-
0.005789399i 

25 -13.922717292- 
11.87384003i 

328084502.45841962-
626386909.40096033i 

328084502.45810407-
626386909.40598357i 

-0.000315547-
0.005023241i 

30 -18.827083314- 
10.934016183i 

328084502.45882177-
626386909.40156972i 

328084502.45810407-
626386909.40598357i 

-0.0007177-
0.004413843i 

35 -23.512742729- 
9.202368208i 

328084502.45903683-
626386909.40205133i 

328084502.45810407-
626386909.40598357i 

-0.000932753-
0.003932238i 

40 -27.908820911- 
6.827536308i 

328084502.45914698-
626386909.40243471i 

328084502.45810407-
626386909.40598357i 

-0.001042902-
0.003548861i 

45 -31.978718765- 
3.927732355i 

328084502.45919585-
626386909.4027431i 

328084502.45810407-
626386909.40598357i 

-0.001091778-
0.003240466i 

50 -35.70572324- 
0.597909691i 

328084502.45920777-
626386909.40299392i 

328084502.45810407-
626386909.40598357i 

-0.001103699-
0.00298965i 

100 -55.11293062+ 
44.441266802i 

328084502.45886797-
626386909.40406358i 

328084502.45810407-
626386909.40598357i 

-0.000763893-
0.001919985i 

200 -27.742458174+ 
138.615436023i 

328084502.45839107-
626386909.4043746i 

328084502.45810407-
626386909.40598357i 

-0.000286996-
0.001608968i 

500 232.783644998+ 
266.15918371i 

328084502.45805782-
626386909.40430951i 

328084502.45810407-
626386909.40598357i 

0.000046253-
0.001674056i 

1000 698.390426163+ 
112.522488207i 

328084502.45799804-
626386909.40421104i 

328084502.45810407-
626386909.40598357i 

0.000106037-
0.001772523i 

 
Now consider when s=1+i with n=1000000000, thus 
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    Table 4.0 Tabulation of p and Error 

p ∑
=

+

p

x
ix1

1

1
 )1( i+ς  ∑

=
+

1000000000

1
1

1
x

ix
 Error 

1 1.000000000 1.50781986-
1.227281627i 

1.536629471-
1.225150971i 

0.028809611+ 
0.002130656i 

5 1.574368108- 
1.061947289i 

1.534888588-
1.222387479i 

1.536629471-
1.225150971i 

0.001740883- 
0.002763492i 

10 1.292666199- 
1.631073199i 

1.536670713-
1.224178538i 

1.536629471-
1.225150971i 

-0.000041242-
0.000972433i 

15 0.972177396- 
1.847843363i 

1.536815745-
1.224730148i 

1.536629471-
1.225150971i 

-0.000186274-
0.000420823i 

20 0.70294311- 
1.919627064i 

1.536799238-
1.224944653i 

1.536629471-
1.225150971i 

-0.000169768-
0.000206318i 



25 0.485154721- 
1.922196975i 

1.536766235-
1.225042892i 

1.536629471-
1.225150971i 

-0.000136764-
0.000108079i 

30 0.309464577- 
1.88899607i 

1.536737496-
1.225092946i 

1.536629471-
1.225150971i 

-0.000108026-
0.000058025i 

35 0.167116773- 
1.836687474i 

1.53671509-
1.225120355i 

1.536629471-
1.225150971i 

-0.00008562- 
0.000030615i 

40 0.051183153- 
1.77426608i 

1.536697985-
1.225136126i 

1.536629471-
1.225150971i 

-0.000068515-
0.000014845i 

45 -0.043641293-
1.706858448i 

1.536684895-
1.225145504i 

1.536629471-
1.225150971i 

-0.000055424-
0.000005466i 

50 -0.121415045-
1.637494439i 

1.536674779-
1.225151191i 

1.536629471-
1.225150971i 

-0.000045308+ 
0.000000221i 

100 -0.4126254- 
1.028898154i 

1.536638394-
1.225158308i 

1.536629471-
1.225150971i 

-0.000008924+ 
0.000007337i 

200 -0.249657996-
0.371795303i 

1.536630034-
1.225153833i 

1.536629471-
1.225150971i 

-0.000000564+ 
0.000002862i 

500 0.514631929+ 
0.070869108i 

1.536629162-
1.225151324i 

1.536629471-
1.225150971i 

0.000000309+ 
0.000000353i 

1000 1.167312033-
0.115926305i 

1.536629355-
1.225150989i 

1.536629471-
1.225150971i 

0.000000116+ 
0.000000019i 
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Since,  
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Let bis +=
2
1  and substitutes it into [74] 
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From equation [53],  
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3 Discussion and Conclusion. 

 
The finding of Sum of Power of symmetric function has a big impact on the field of mathematics as it contributes to 
a new frontier of research in many fields dealt with symmetric functions. The using of symmetric function through 
Sum of Power of real and complex p-th in  Riemann’s Zeta function could offer a new way of understanding 
Riemann’s Zeta Function and offer an alternative studies in this field.  
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