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Abstract. An extension of Sum of Power formulation into alternating system. The general
formulation is given as follows:
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1 Introduction.
Alternating sum of powers has been studied by few researcher and the studies dealt mainly on the integers.

One of the researches was done by T. Kim [1]. He proposed the formula for alternating sums of the n-th

power for positive integers up to k —1, the formula is given as follows:
A\ n
TH) =S M ETETS [4]
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Where E, is Euler’s number.

Other alternating sums of power can be seen on the website “Series Math Study” [2]. The formula deals

mainly on the odd alternating sums of power. Some of the formulae are given as follows:

1-3+5-7+9-11+--—+{2n—1) =—n(-1)° -
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This paper is about finding new generalized formulation which can be used to generate alternative sum of
power without using complicated methodology. This formulation works on all arithmetic progressions for
both odd and even n. The method how this formula is derived can be seen as follows:

Expanding equation [1] for p up to 10, yields these equations:
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2 Quialitative Method Derivation of Alternating Sums of Power.

Consider when p=2 and n=2.

Table 1 Data for Alternating Sum of Power for p=2

2 2
vl ox | Ik | Sy
i=1 i=1
1 2 3 -3
2 3 5 -5
3 4 7 -7
4 5 9 -9
5 6 11 -11
6 7 13 -13
7 8 15 -15
8 9 17 -17
9 10 19 -19
10 11 21 -21
11 12 23 -23
12 13 25 -25
13 14 27 -27
14 15 29 -29
15 16 31 -31




2 2 _
Plotting the curve of Y x, versus Y (=1)*"'x’
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It can be seen that when n=2, the data can be related by a relationship given as follows:
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yields Figure 1.
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Consider when p=2 and

i=1

n=3.

Table 2 Alternating Sum of Power for p=2 and n=3.
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Plotting the curve of " x, versus » (- 1)"'x?

i=1

i=1
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X X X3 X% | YR
i=1 i=1
1 2 3 6 6
2 3 4 9 11
3 4 5 12 18
4 5 6 15 27
5 6 7 18 38
6 7 8 21 51
7 8 9 24 66
8 9 10 27 83
9 10 11 30 102
10 11 12 33 123
11 12 13 36 146
12 13 14 39 171
13 14 15 42 198
14 15 16 45 227
15 16 17 48 258
yields Figure 2.

[18]
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It can be seen that when n=3, the data can be related by a relationship given as follows:

i(— 1)*x? = M +2 [19]

= | 9

Consider the coefficients of the alternating sums of power for p=2 are given as follows:

> (-1 X} _a{Zx} +b for odd n [20]

Zn: "x2 = —C[Zz: x,} for even n [21]

i=1 i



Tabulating the values of alternating sum of power for p=2 for some odd and even terms n yield Table 3

Table 3 Coefficients involved for various values of n.

n a b n c
1
3 — 2 2 -1
9
1
5 — 6 4 1
25
1
7 — 12 6 -1
49
1
9 — 20 8 -1
81
1
11 — 30 10 -1
121
1
13 — 42 12 -1
169
1
15 — 56 14 -1
225
1
17 — 72 16 -1
289
1
19 — 90 18 -1
361
2
N
n 4

Therefore, the equation for alternating sums of power for p=2 is given as follows:

For evenn
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Equation [24] is valid when the difference between numbers is 1 (i.e. s=1). For various values of s,
consider the table as follows:

Table 4 Alternating Sums of Power for some values of s (even n=2).

2
2
X, X, — %; i i+1 2 S X, X, ; X Z |+1 2 S
~ i=
1 3 4 -8 2 1 4 5 -15 3
2 4 6 -12 2 2 5 7 -21 3
3 5 8 -16 2 3 6 9 -27 3
4 6 10 -20 2 4 7 11 -33 3
5 7 12 -24 2 5 8 13 -39 3
6 8 14 -28 2 6 9 15 -45 3
7 9 16 -32 2 7 10 17 -51 3
8 10 18 -36 2 8 11 19 -57 3
9 11 20 -40 2 9 12 21 -63 3
10 12 22 -44 2 10 13 23 -69 3
11 13 24 -48 2 11 14 25 -75 3
12 14 26 -52 2 12 15 27 -81 3
13 15 28 -56 2 13 16 29 -87 3
14 16 30 -60 2 14 17 31 -93 3
15 17 32 -64 2 15 18 33 -99 3

From the data in Table 4, equation [18] can be altered to

Sa) =5 3% 25)

i=1
The data for odd n is given as in the Table 5.

Table 5 Alternating Sums of Power for some values of s (odd n=3).

2 2 2 2
% X2 %3 Z %; z - 1)i N X S X X, X3 Z X Z (— 1)i h Xt S
i i-1 i1 i-1
1 3 5 9 17 2 1 4 7 12 34 3
2 4 6 12 24 2 2 5 8 15 43 3
3 5 7 15 33 2 3 6 9 18 54 3
4 6 8 18 44 2 4 7 10 21 67 3
5 7 9 21 57 2 5 8 11 24 82 3
6 8 10 24 72 2 6 9 12 27 99 3
7 9 11 27 89 2 7 10 13 30 118 3
8 10 12 30 108 2 8 11 14 33 139 3
9 11 13 33 129 2 9 12 15 36 162 3
10 12 14 36 152 2 10 13 16 39 187 3
11 13 15 39 177 2 11 14| 17 42 214 3
12 14 16 42 204 2 12 15 18 45 243 3
13 15 17 45 233 2 13 16 19 48 274 3
14 16 18 48 264 2 14| 17| 20 51 307 3
15 17 19 51 297 2 15 18| 21 54 342 3

From the data in Table 5, equation [23] can be altered to
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Combining both equations for even and odd n yields
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Repeating the same procedure for some value of p yields these equations:
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The generalized equation for coefficients ofO; and Q; can be formed through qualitative method by
collecting all coefficients in a table. The procedure is done as follows:

For odd n
Table 6 Coefficients for odd n
j/m 0 1 2 3 4 5

1 n? -1
2 n* | —6n 5
3 n® | —=15n* | 75n° -61
4 n® | —28n° | 350n* | —1708n° 1385
5 n® | —45n® | 1050n® | —12810n* | 62325n% | 50521

Taking out all signs and any n term yields:

Table 7 VValues of coefficients for odd n

mj | 0 1 2 3 4 5
1 |1 1
2 | 1 6 5
3 | 1| 15 75 61
4 | 1| 28 350 1708 1385
5 | 1| 45 1050 12810 | 62325 | 50521

Plotting the data of m versus O, atj=1, yields Figure 3.
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Figure 3 Curve of m versus O,, at j=1.

Thus, the equation for O, at j=1 can be written as follows:

O, .1 =m2m-1) [34]
Repeating the same procedure we can get the coefficients O, at various value of j. Some of the equations
of O,, are given as follows:

5

Op 2 = gm(m ~1)2m-1)2m-3) [35]
Op s :%m(m—l)(m—z)(Zm—1)(2m—3)(2m—5) [36]
277

i = 50—4m(m ~1)fm—-2)m-3)2m-1)2m - 3)2m - 5)2m - 7) [37]
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m, j=5 =
113400
From the Table 7, it can be seen that the coefficients involved in the progression of Alternating Sums of
Power is depending on the Euler’s or Secant/Zig numbers. The generating function of Secant numbers can
be seen as follows:

m(m-1)(m-2)m-3)m-4)2m-1)2m -3)2m -5)2m-7)2m-9)  [38]

SecX = -
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Therefore,

Forj=1,2,3,. E;=1,5, 61, 1385, 50521,..
The list of secant numbers can be found by sloane’s number index A000364 [3]. The generalized equation
for coefficients O, can be formed by summation of all coefficients at j’s. The generalized equation is

given as follows:
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When m=3
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For even n, the procedure to get the generalized equation can be formed using the same procedure as in
odd n. Firstly, the coefficients are tabulated in a table given as follows:

Table 8 Coefficients for even n

j/m 0 1 2 3 4 5
1 n? -3
2 n* | —10n? 25
3 n® | —21n* | 175n2 — 427
4 n® | —36n° | 630n* | —5124n? 12465
5 n® | —55n® | 1650n® | —28182n* | 228525n2 | 555731

Taking out all signs and any n term yields:

Table 9 Coefficients for even n

jim | 0 1 2 3 4 5
1 |1 3
2 | 1] 10 25
3 |1 21 175 427
4 | 1] 36 630 5124 12465
5 | 1| 55 1650 28182 | 228525 | 555731

Plotting the data of m versus Q,, at j=1, yields figure [3].

Figure 4 Curve of m versus Q,, at j=1.
Thus, the equation for Q, at j=1 can be written as follows:
Qnjo =M(2m +1) [40]
Repeating the same procedure we can get the coefficients Q,, at various value of j. Some of the equations

of Q,, are given as follows:

Qn 2= %m(m ~1)2m+1)2m-1) [41]

Qnis= %m(m ~1)m-2)2m+1)2m -1)2m-3) [42]

Qu e = %m(m ~1)m—2)m-3)2m+1)(2m - 1)2m - 3)2m - 5) [43]
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From these equations we can form the generalized equation for the coefficientQ,,
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. Itis given as follows:
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3 Alternating Sum of Power for Integers.
Let,
x, =1,2,3...n [49]
Therefore, the summation of basic elementary symmetric function is given as follows:
Z”: x = Zn:i _ n(n2+ 1) (501
i=1 i=1
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n X|:| n n
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4 Discussion and Conclusion.

The general equation for alternating Sum of Power presented in this paper uses Euler’s or Zig/Secant
numbers instead of Bernoulli’s numbers. This equation works on all arithmetic progression, thus offers a
simple and elegant way to calculate the alternative sums of power. It is also highly believed that this
equation also might work with real and complex numbers power p-th, which would be included in the
future papers.
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