A direct proof of the Y{f’s conjecture

by Marian Dincd

Abstract: In this paper it is given proof Yff’s conjecture using convexity arguments.

Let the triangle ABC and the point QQ € IntAABC the have
Theorem: 2w < JABC  (the Yff's inequality) (1)
LOAB = <QBC = <QCA = o

Proof: Following the sin theorem in the triangles: QA4B, QBC and QQCA to obtain:

sin® . sin® . sin® _ OB QC Q4

sin(B-w) sin(C-w) sin(d-o) 04 a8 * oc ~ 1 to rezult::
sin®w =sin(4 — w)sin(B — w)sin(C — ) )

let f{x) =In[sin(e* — )] ;x € (Inw; o)

to obtain: f'(x) = L)

sin(e*-w)

/ _ (e*cos(e*—m)—eXsin(e¥—w))esin(e*—m)—e* cos? (e*—w)
and f (X) o sin?(e*—) -

e*cos(e*—m)sin(e*—w)—e* [ sin2(e*—w)+cos? (e*—w) ]

sin2(e*—w)

_ e*[cos(e*—w)sin(e*—w)—e*] <0

sin?(e*—w) -

let g(x) =cos(e* — w)sin(e* — ) — e* and

g'(x) = e* ecos?(e* — w) — e esin’(e* — ) — e*=

=e*[cos(2e* — 2w) — 1] < O to rezult git’s decreasing and x > In® to obtain:

g(x) < g(lnw) =cos0sin0 —w = —w < 0, because e"® = @

to rezult of the function /* it’s concave , acording the Jensen inequality to obtain:
Insin(e* — w) +Insin(e¥ — @) +Insin(e* — w) < 3 elnsin(e 2= -w) ;  (3)

for x=In4, y=InB and z=InC to obtain the inequality:

sin(4 — w)sin(B — w)sin(C — w) <sin*(JABC - o) 4



or ,sin*w <sin®*(J4BC — w) to rezult sinw <sin*(J4BC — w)
because the function sin it’s increasing for x € |:0; 3 :|

and well-known ® < £ and J4BC — o € (0; £ — ) < (0;£)

6

to obtain: @ < JABC —w or 20w < JABC the Y{f’s inequality
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