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Theorem 1. If x,ye C then 2(x2+y2)3 —(x+y) (X +y)=(x-y) (X +xy+y’).

Proof. With elementary calculus.
Application 1.1. If x,ye C then

(2(x2 + y2)3 —(x+ y) (x3 + y3))(2(x2 + y2)3 —(x- y)3 (x3 —~ y3)) = (x2 —~ y2)4 (x4 +X°y + y“)
Proof. In Theorem 1 we replace y — -V, etc.
Application 1.2. If Xe R then

(sinX—cos X)4 (1+sin xcos X) +(sin X+ cos X)3 (sin3 X+ cos’ X) =2
Proof. In Theorem 1 we replace X — sin X, y — cos X
Application 1.3. If xe R then 2ch’x—(1+shx)’ (1+sh’x) = (1+shx)* (shx+ch’).
Proof. In Theorem 1 we replace X — 1, y — shx
Application 1.4.If x,ye C (x#+y) then

2(x2+y2)3 —(x+y)' (X +y3)+2(x2 +y2)3 ~(x=y)' (¥ -y’)

=2(X+y’
(x-y) (x+y) ( )
Application 1.5. If x,ye C then
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2(X*+yH) —(x+y) (x +y)+2(x +y') =(x=y) (x y>:2(x“+6x2y2+y4)

X+ Xy + Y X —xy+y’
Application 1.6. If x, ye Rthen 2(x2+y2)3 >(x+y) (X +y).

(See Joszef Sandor, Problem L.667, Matlap, Kolozsvar, 9/2001.)
Proof. See Theorem 1.

Theorem 2.If x,y, ze R then 3(x2+y2+22)3 >(x+y+2) (X +y’+2).

Proof. With elementary calculus.
Application 2.1. Let ABCDAB,C,D, be a rectangle parallelepiped with sides a,b,c and

diagonal d. Prove that 3d° >(a+b+ C)3 (a3 +b’ +C3) :
Application 2.2. In any triangle ABC the followings hold:
D) 3(p*-r’ —4Rr)3 >2p*(p*-3r’ —6Rr)

2) 3(p*-2r’ —8Rr)3 > p*(p*-12Rr)

3) 3((4R+r)" —2p’ )3 >(4R+1)’((4R+1) ~12p'R)



4) 3(8R* +r7 - p2)3 2(2R—r)3((2R—r)((4R+r)2—3p2)+6Rr2)

5) 3((4R+r)2 — p2)3 >(4R+r) ((4R+r)3 -3 p2(2R+r))
Proof. In Theorem 2 we take:
{xy,z}e
€ {{a,b,c};{ p—a, p-b, p—C};{ra,rb,rc};{sinz?,sinzg,sin2 %};{coszg,coszg,coszg}}
Application 2.3. Let ABC be a rectangle triangle, with sides a>b > C then .
24a° > (a+b+c) (a’+b’+¢')
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Theorem 3.If x>0, k=1,2,...,n, then n(ijj > xkj X, .
k= k=1
3

n 3
Application 3.1 The following inequality is true: Z(Cr'f) < (n+1)(%) .

k=0
Proof. In Theorem 3 we take X, = C,f, k=0,12,....n..
Application 3.2. In all tetrahedron ABCD holds:

ztj (ztj
) (—“22% 2tz
> 1 1

Proof. In Theorem 3 we take X =L,x2 =i,x3 =i,x4 =L and
h, h h hy
N VRS BV RV |
1 ra>X2 rb>X'3 rc; ) rd .

Application 3.3.1f 7 ="k then n(S,f”‘)3 >(s7) s
k=1
Proof. In Theorem 3 we take X, =Kk“, k=0,1,2,...,n..

3
Application 3.4. If F, denote Fibonacci numbers, then ) F} < n[%} :
k=1 -

Proof. In Theorem 3 we take X, =F , k=12,...,n..
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