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Abstract

A classical gauge model based on the Lie group SU(3)L 
 U(1)N
with exotic quarks is reformulated within the formalism of non-associative
geometry associated to an L-cycle. The N charges of the fermionic parti-
cles and the related parameters constraints are uniquely determinedalge-
braic consequences. Moreover, the number of scalar particles are dictated
by the non-associativity of the geometry. As a byproduct of this formal-
ism, the scalar, charged and neutral gauge bosons masses as well as the
mixing angles are derived. Furthermore, various expressions of the vec-
tor and axial couplings of the quarks and leptons with the neutral gauge
bosons and lower bounds of the very heavy gauge bosons are also obtained.

PACS: 24.85.+p, 13.85.Hd, 13.87.-a

1 Introduction

One of the greatest achievement of the noncommutative geometry (NCG ) is the
geometrization of the standard model [1; 2; 3]. NCG provides a framework where
the Higgs boson may be treated at the same level as the W �and Z0 bosons.
In this approach, one introduces additional discrete dimensions to the ordinary
space-time. If the gauge bosons are associated to the continuous space-time, the
Higgs boson results from gauging the discrete directions. In the NCG Connes�
approach, a universal formula for an action associated with a noncommutative
geometry, de�ned by a spectal triple is proposed. It is based on the spectrum of
the Dirac operator and is a geometric invariant. The new symmetry principle is
the automorphism of an algebra A which combines both di¤eomorphisms and
internal symmetries. Applied to the geometry de�ned by the spectrum of the
standard model gives an action that uni�es gravity with the standard model at
a very high energy scale. However, Connes�prescription is compatible only with
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linear representations of the matrix group which imposes very stringent con-
straints on gauge models. Indeed, it was shown that [4; 5] the only models which
can be constructed in this approach are the standard model, the Pati-Salam [6]
and the Pati-Mohapatra models [7; 8]. Now, if one takes into account the reality
condition of the K-cycle [9], the last two models are ruled out leaving at the end
the standard model as the unique model compatible with Connes�prescription.
It is worth to mention that they are other formulations of NCG where there is
no a such restriction [10; 11; 12; 13; 14]. Recently, Wulkenhaar has proposed a
modi�cation to the noncommutative geometry where the di¤erential geometry
is formulated in terms of a graded di¤erential Lie algebras instead of unital as-
sociative algebras as it is the case in Connes�approach [15; 16]. Its application
to a list of physical models has been successful. Among this list �gure out the
standard model [17], the �ipped SU(5)
U(1) [18] , SO(10) models [19] and left-
right gauge model [20] etc.... The interesting feature of Wulkenhaar�s approach
or nonassociative geometry (NAG) is the use of a graded Lie algebra and the
obtention of mass relations between fermions and bosons masses as in Connes�
formalism. On the other hand, the number of fermion families in nature and
the pattern of fermion masses and mixing angles are two of the most intriguing
puzzles in modern particle physics. Over the last decade, the 3�3�1 extension
of the standard model (SM) for the strong and electroweak interactions, based
on the local gauge group SUc(3)
 SUL(3)L
 UX(1) have been studied exten-
sively [21; 22; 23; 24; 25; 26; 27; 28]. It provides an interesting attempt to answer
the question on family replication. In fact, this extension has among its best
features that several models can be constructed so that anomaly cancellation
is achieved by an interplay between the families [21; 22; 23; 24; 25; 26; 27; 28]. In
some of them [21; 22; 23; 24], the anomaly cancellation implies quarks with ex-
otic electric charges �4=3 and 5=3:Moreover, some models based on the 3�3�1
local gauge structure are suitable to describe some neutrino properties, because
they include in a natural way most of the ingredients needed to explain the
masses and mixing. [28; 29; 30; 31; 32; 33]. The goal of this paper is to enlarge
the list of NCG physical models [17; 18; 19; 20] by reformulating the 3 � 3 � 1
model within the Wulkenhaar�s approach of a graded Lie algebra and derive
as an output of this prescription, the various mass spectrum relations, mixing
angles and V �A couplings in the weak neutral currents for quarks and leptons.
The paper is organized as follows: In section2, we present the general formal-
ism of Wulkenhaar�s non associative geometry and the L-cycle. In section 3,
we omit the strong interaction sector and construct (within this approach) the
bosonic and fermionic actions of the SUL(3)L 
 UX(1) model for electroweak
interactions and derive the fuzzy mass, mixing angles and couplings relations as
an output. Finally, in section 4 we draw our conclusions.

2 General Formalism

The fundamental object in NAG is the L�cycle (g;H; D; �;�), constituted of:
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1)A Hilbert space H:
H =L2 (X;S)
 CF (1)

where L2 (X;S) is a the square integrable bispinors Hilbert space.
2)A unitary skew adjoint Lie algebra g of bounded operators on the Hilbert

space H:
g = C1 (X)
 a (2)

where a and C1 (X) are a matrix Lie algebra and an algebra of smooth functions
on a compact Euclidean space-time manifold X respectively.
3)A total self adjoint non degenerate Dirac operator D with a compact re-

solvant such that :
D = D 
 1F + 
5 
M

where D and 
5 are the Dirac operator of the spin connection and the chirality

operator on L2 (X;S) and M the Dirac operator associated to the discrete
algebra a.

4)A representation � of g on H which is given by:

� = I
 b� (3)

where b� is the representation of a on CF (F is the number of families).
5)A graded operator �, acting on H which has the form:

� = 
5 
 b� (4)

with the following properties:
�2 = idH (5)

[�; � (g)] = 0 (6)

and

f�; Dg = 0 (7)

Here b� is the graded operator acting on CF and idH stands for identity over the
Hilbert space H. Now, the prescription towards the construction of a classical

gauge theory associated to the L-cycle requires the following[17; 18; 19; 20]:
i) A space 
1a generated by elements !1 of the type:

!1 =
X
�;z�0

�
az�; ::::

�
a1�; da

0
�

�
:::
�
; az� 2 a (8)

where d is the universal exterior derivative. The representation b� acts on the
space 
1a as:
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b� : 
1a!MF (C)

�1 = b� �!1� = X
�;z�0

�b� (az�) ; ::: �b� �a1�� ; ��iM; b� �a0���� :::� (9)

We de�ne also another mapping such that:

b� : 
1a!MFCb� �!1� =
X
�;z�0

�b� (az�) ; ::: �b� �a1�� ; �M2; b� �a0���� :::� (10)

ii) A space 
na spanned by elements !n of the form:

!n =
X
�;z�0

�
!1n;�;

�
!1n�1;�:::::;

�
!12;�; !

1
1;�

��
:::
�

(11)

where !1i;� 2 
1a. We can also extend b� and b� to 
na as follows:
b� ��!1; !k�� := b� �!1� b� �!k�� (�1)k b� �!k� b� �!1� ; (12)

and

b� ��!1; !k�� := b� �!1� b� �!k��b� �!k� b� �!1��b� �!1� b� �!k��(�1)k b� �!k� b� �!1�
(13)

iii) De�ne for k � 2, b� �=ka� such that:
b� �=ka� := fb� �!k�1� ; !k�1 2 
k�1a\ ker b�g: (14)

iv) De�ne spaces r0 a �MF (C) and r1 a �MF (C) such that :

r0a = �
�
r0a
��
= b� �r0a� b�; (15)

r1a = �
�
r1a
��
= �b� �r1a� b��

r0a;b� (a)� � b� (a) ;�
r0a;b� �
1a�� � b� �
1a��

r0a;b� (a)	 � fb� (a) ;b� (a)g+ b� �
2a� ;�
r0a;b� �
1a�	 � �b� (a) ;b� �
1a�	+ b� �
3a��

r1a;b� (a)� � b� �
1a��
r1a;b� �
1a�	 � fb� (a) ;b� (a)g+ b� �
2a�

These additional structures are needed for the construction of a connection form

� and a curvature �. The latter are not in general elements of
1a and
2a: This
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is one of the main di¤erences between Connes�s and Wulkenhaar�s approachs to
NCG.

v) De�ne spaces j0a; j1a and j2 a �MF (C) as:

j0a = c0a

j1a = c1a

j2a = c2 a+ b� �=2a�+ fb� (a) ;b� (a)g (16)

and such that:

c0a = �
�
c0a

��
= b� �c0a� b�

c1a = �
�
c1a

��
= �b� �c1a� b� (17)

c2a = �
�
c2a

��
= �b� �c2a� b�

c0a:b� (a) = c1a:b� (a) = 0

c0a:b� �
1a� = c 1a:b� �
1a� = 0�
c2a;b� (a)� = 0�
c2a;b� �
1a�� = 0

vi) The connection form � has the following structure:

� =
X
�

�
c1� 
m0

� + c
0
�


5 
m1
�

�
(18)

where c1� 2 �1, c0� 2 �0, m0
� 2 r0a, m1

� 2 r1a and �k is the di¤erential space
of k�forms represented by the gamma matrices.
vii) The curvature � is computed from the connection � as:

� = d�+ �2 � if
5
M; �g+ b�g(�)
5 + J2g; (19)

where
J2g =

�
�2 
 J0a

�
�
�
�1
5 
 J1a

�
�
�
�0 
 J2a

�
(20)

and b�g is the extension of id
 b� to elements of the form as in eq.(19).
viii) Select the representative e (�) ortogonal to J2g (elimination of the junks

forms j 2 J2g ) such that:

e(�) = d�+ �2 � if
5 
M; �g+ b�g(�)
5 + j (21)

and Z
X

dx Tr (e(�)j0) = 0 8j0 2 J 2g (22)
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where the trace Tr inludes that in MF (C) and over gamma matrices.
ix)Calculate the bosonic and fermionic actions SB and SF respectively such

that:

SB =

Z
X

dx
1

g20F
Tr (e(�))

2 (23)

and

SF =

Z
X

dx � (D + i�) (24)

Here g0 is a coupling constant and  2 H (matter �elds):
x) Finally, perform a Wick rotation.

3 NAG Construction of the model

3.1 Motivation

The 3 � 3 � 1 model, based on the gauge group SU(3)c 
 SU(3)L 
 U(1)N
is particularly interesting and possibly the simplest way to enlarge the gauge
group SU(3)c 
 SU(2)L 
 U(1)Y . The price we must pay is the introduction
of exotic quarks with electric charges 5=3 and �4=3: The main motivations to
study this kind of model are: The natural prediction of three generations based
on anomaly cancellation. Thus, the family number must be three. This result
comes from the fact that the model is anomaly-free only if we have equal number
of triplets and antitriplets, counting the SU(3)c colors, and requiring the sum of
all fermion charges to vanish. The triangle anomaly cancellation occurs for the
three, or multiply of three, together and not generation by generation like in the
standard model (SM). It is worth to mention also that the incorporation of the
third family of quarks di¤erently from the other two, leads to potentially large
�avor changing neutral currents. The extra neutral vector boson Z 0 conserves
�avor in the leptonic but not in the quark sector. Moreover, it is the simplest
model that includes bileptons. The lepton number is violated explicitly by the
charged scalar and heavy vector bosons exchange including a vector �eld with
a double electric charge. The model has also several sources of CP violation

implemented spontaneously or explicitly. Denoting by:

L1 =

0@ �e
e
ec

1A ; Q1 =
p
2

0@ u
d
J1

1A (25)

The triplet (resp. singlet ) representations for the left (L) (resp. right (R))
handed �elds (leptons L1and quarks Q1) are:

L1L � (1; 3; 0); Q1L � (3; 3;+
2

3
) (26)
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and

L11R � (1; 1; 0); L12R � (1; 1;�1); L13R � (1; 1;+1)

Q11R � (3; 1;+
2

3
); Q12R � (3; 1;�

1

3
); Q13R � (3; 1;+

5

3
) (27)

The numbers 0, 2=3 in eq.(26) and 2=3,�1=3 and 5=3 in eq.(27) are U(1)N
charges. The normalization factor

p
2 is introduced for practical reasons as it

will be clear later. The electric charge operator Qe is de�ned in terms of the N
charges as:

Qe
e
=
1

2

�
�3 �

p
3�8

�
+N:13X3 (28)

where �3 and �8 are the usual Gell-Mann matrices.The other two leptons and
quarks generations

L2 �

0@ ��
�
�c

1A ; L3 =

0@ ��
�
� c

1A (29)

Q2 =

0@ s
c
J2

1A ; Q3 =

0@ b
t
J3

1A (30)

belong to the representations:

L2L � (1; 3; 0); L3L � (1; 3; 0) (31)

L21R � (1; 1; 0); L22R � (1; 1;�1); L23R � (1; 1;+1) (32)

L31R � (1; 1; 0); L32R � (1; 1;�1); L33R � (1; 1;+1) (33)

Q2L � (3; 3�;�
1

3
); Q3L � (3; 3�;�

1

3
) (34)

Q21R � (3; 1;�
1

3
); Q22R � (3; 1;+

2

3
); Q23R � (3; 1;�

4

3
) (35)

Q31R � (3; 1;�
1

3
); Q32R � (3; 1;+

2

3
); Q33R � (3; 1;�

4

3
) (36)

Here u; d; s; c; b; t and J1; J2; J3 stand for the wave function of the up, down,
strange, charm, bottom, top and exotic quarks respectively.

3.2 NAG construction of the 3-3-1 model

The discrete L-cycle denoted by (a;H;M) consists of the Lie algebra

a = su(3)� su(3)� u(1) 3 fa03; a3; a1g (37)

For the three generations, the total internal Hilbert space is C72 labelled by the
elements:
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( Q1iL; Q2iL; Q3iL; Q1iR; Q2iR; Q3iR; L1iL; L2iL; L3iL; L1iR; L2iR; L3iR; )
T

(38)
where i = 1; 3, Q1iL; Q

2
iL; Q

3
iL; Q

1
iR; Q

2
iR; Q

3
iR 2 C3 
 C3 and L1iL; L2iL; L3iL;

L1iR; L
2
iR; L

3
iR 2 C3. In what follows, we omit the strong interactions sector. In

this case, the Lie algebra a acts on H via the representation:

b�(a1; a3) = � b�Q(a1; a3) 0
0 b�l(a1; a3)

�
(39)

Using the fact that the elements of the su(3) algebra have the general represen-
tation:

a3 =

0@ f3 + f8 f1 � if2 f4 � if5
f1 + if2 �f3 + f8 f6 � if7
f4 + if5 f6 + if7 �2f8

1A (40)

and since one of the family of quarks is incorporated di¤erently from the other
two, the representation b�Q(a1; a3) of quarks has to have the following form:
b�Q(a1; a3) = if0diag

2664
� b� 02
0 � 1

3 
 I2

�
;

� b� 02
0 � 1

3 
 I2

�
;

� b� 02
0 � 1

3 
 I2

�
;

b� 
 I3; b
 
 I3;� b� 02
0 � 4

3 
 I2

�
3775

(41)

+i

0BBBBBBBB@

f3 + f8 02 f1 � if2 02 f4 � if5 02
0 (f3 + f8)
 I2 0 (f1 � if2)
 I2 0 (f4 � if5)
 I2

f1 + if2 02 f8 � f3 02 f6 � if7 02
0 (f1 + if2)
 I2 0 (f8 � f3)
 I2 0 (f6 � if7)
 I2

f4 + if5 02 f6 + if7 02 �2f8 02
0 (f4 + if5)
 I2 0 (f6 + if7)
 I2 0 �2f8 
 I2

09

09 09

1CCCCCCCCA
where the fi 0s are real numbers and b�; b�; b
 and b� are hermitique operators for
which the eigenvalues on the states Qji are denoted by

b�QjiL =

�
1

2
�1j + �2j + �3j

�
�jQjiL

b�QjiR =

�
1

2
�1j + �2j + �3j

�
�1i�

jQjiR

b
QjiR =

�
1

2
�1j + �2j + �3j

�
�2i


jQjiR

b�QjiR =

�
1

2
�1j + �2j + �3j

�
�3i�

jQjiR (42)

(more properties of these operators will be discussed later). It is very important
to mention that in order to keep our construction as clear as possible, we have
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choosen the operators coe¢ cients associated with u(1) algebra b�; b�; b
 and b� a
priori with arbitrary eigenvalues when acting on the quarks. As in ref.[20], we
will see when we discuss the electromagnetic interaction terms in the fermionic
action that (as expected)the eigenvalues �j , �j , 
j and �j correspond exactlty
to the N charges of the commutative model [21]. Similarly, for the leptons, the
representation b�l(a1; a3) has to have the form:
b�l(a1; a3) = if0diag

�b�0 
 I3; b�0 
 I3; b�0 
 I3; b�0 
 I3; b
0 
 I3; b�0 
 I3� (43)

+i

0BB@
(f 03 + f

0
8)
 I3 (f 01 � if 02)
 I3 (f 04 � if 05)
 I3

(f 01 + if
0
2)
 I3 (f 08 � f 03)
 I3 (f 06 � if 07)
 I3

(f 04 + if
0
5)
 I3 (f 06 + if

0
7)
 I3 �2f 08 
 I3

09

09 I3

1CCA
where the f 0i

0s are real numbers. Similarly for leptons, we assign operators

coe¢ cients b�0; b�0; b
0 and b�0 arbitrary fo which their action (eigenvalues) �0j ,
�0j , 
0j and �0j are such that:

b�0LjiL = �0jLjiL (44)b�0LjiR = �0jLjiRb
0LjiR = 
0jLjiRb�0LjiR = �0jLjiR

will be determined later and correspond to the leptons N charges like in the
original commutative model[21]. Regarding the mass matrixM of the L-cycle,
it has the form:

M =

�
MQ 018
018 ML

�
(45)

where

MQ =

0BBBBBB@

03 03 03 MQ1 03 03
03 03 03 03 MQ2 03
03 03 03 03 03 MQ3

M�
Q1 03 03 03 03 03
03 M�

Q2 03 03 03 03
03 03 M�

Q3 03 03 03

1CCCCCCA (46)

and

ML =

0BBBBBB@
03 03 03 ML1 03 03
03 03 03 03 ML2 03
03 03 03 03 03 ML3

M�
L1 03 03 03 03 03
03 M�

L2 03 03 03 03
03 03 M�

L3 03 03 03

1CCCCCCA (47)

Here MQi and MLi 2M3(C) are the mass matrices of the fermions (quarks and
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leptons) such that:

MQ1 =

0@ mu 0 0
0 ms 0
0 0 mb

1A ; MQ2 =

0@ md 0 0
0 mc 0
0 0 mt

1A ; MQ3 =

0@ mJ1 0 0
0 mJ2 0
0 0 mJ3

1A
(48)

and

ML1 =

0@ m�e 0 0
0 m�� 0
0 0 m��

1A ; ML2 =ML3 =

0@ me 0 0
0 m� 0
0 0 m�

1A (49)

It is worth to mention that in this formalism the graded operator b� is given by:
b� = diag (�I3;�I3;�I3; I3; I3; I3;�I3;�I3;�I3; I3; I3; I3) (50)

The space b� �
1a� is generated by elements of the type:
�1 = b� �!1� = X

�;z�0
[b� (az�) :::; �b� �a2�� ; �b� �a1�� ; ��iM; b� �a0���� :::� (51)

where
az� = (a

z
1; a

z
3) (52)

Direct simpli�cations lead to the following decomposition:

�1 =

�
�1Q 0

0 �1l

�
(53)

where

�1Q = i

�
0 �11Q
�12Q 0

�
(54)

and

�1l = i

�
0 �11l
�12l 0

�
(55)

with

�11Q =

0@ MQ1k11 MQ2k12 MQ3k13
�M�

Q1k�12 MQ2k22 MQ3k23
�MQ1k�13 �MQ2k�23 MQ3k33

1A ; �12Q =

0@ M�
Q1k�11 �M�

Q1k12 �M�
Q1k13

M�
Q2k�12 M�

Q2k�22 �M�
Q2k23

M�
Q3k�13 M�

Q3k�23 M�
Q3k�33

1A
(56)

and

�11l =

0@ ML1k
0
11 ML2k

0
12 ML3k

0
13

�M�
L1k

0�
12 ML2k

0
22 ML3k

0
23

�ML1k
0�
13 �ML2k

0�
23 ML3k

0
33

1A ; �12l =

0@ M�
L1k

0�
11 �M�

L1k
0
12 �M�

L1k
0
13

M�
L2k

0�
12 M�

L2k
0�
22 �M�

L2k
0
23

M�
L3k

0�
13 M�

L3k
0�
23 M�

L3k
0�
33

1A
(57)

10



The coe¢ cients k11; k12; k13; k22; k23; k33; k011; k
0
12; k

0
13; k

0
22; k

0
23 and k

0
33 are

given by:

k12 = if1 + f2

k13 = if4 + f5

k23 = if6 + f7 (58)

k11 = i
�
f3 + f8 +

�b�� b�� f0�
k22 = i (�f3 + f8 + (b�� b
) f0)
k33 = �i

�
�2f8 +

�b�� b�� f0�
and

k012 = if 01 + f
0
2

k013 = if 04 + f
0
5

k023 = if 06 + f
0
7 (59)

k011 = i
�
f 03 + f

0
8 +

�b�0 � b�0� f 00�
k022 = i

�
�f 03 + f 08 +

�b�0 � b
0� f 00�
k033 = �i

�
�2f 08 +

�b�0 � b�0� f 00�
In what follows, and in order to have a consistency in the model within NAG,
we take the real parameters fi �s and f 0i�s equal . Moreover, we will also concen-
trate only on the quark sector and give the corresponding results for the lepton
sector accordingly. Regarding the elements �2 2 b� �
2a�, they are obtained by
summing up elements of the type:

�2 =
�
�1; �1

	
(60)

Straightforward calculations give the following form for the quarks, :

�2Q =

�
�21Q 09
09 �22Q

�
(61)

where

�21Q =

0@ �111 �112 �113
�121 �122 �123
�131 �132 �133

1A (62)

and

�22Q =

0@ �211 �212 �213
�221 �222 �223
�231 �232 �233

1A (63)
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with

�111 = �2
�
k11k

�
11MQ1M�

Q1 + k�12k12MQ2M�
Q2 + k�13k13MQ3M�

Q3

�
(64)

�122 = �2
�
k12k

�
12MQ1M�

Q1 + k22k
�
22MQ2M�

Q2 + k23k
�
23MQ3M�

Q3

�
�133 = �2(k13k�13MQ1M�

Q1 + k23k
�
23MQ2M�

Q2 + k33k
�
33MQ3M�

Q3)

�121 = 2
�
k�12k

�
11MQ1M�

Q1 � k�12k22MQ2M�
Q2 � k�13k23MQ3M�

Q3

�
�112 = 2

�
k12k11MQ1M�

Q1 � k12k�22MQ2M�
Q2 � k13k�23MQ3M�

Q3

�
�131 = 2(k�13k

�
11MQ1M�

Q1 + k�12k
�
23MQ2M�

Q2 � k�13k33MQ3M�
Q3)

�113 = 2(k13k11MQ1M�
Q1 + k12k23MQ2M�

Q2 � k13k�33MQ3M�
Q3)

�132 = 2(�k�13k12MQ1M�
Q1 + k�23k

�
22MQ2M�

Q2 � k�23k33MQ3M�
Q3) (65)

�123 = 2(�k13k�12MQ1M�
Q1 + k23k22MQ2M�

Q2 � k23k�33MQ3M�
Q3)

and

�211 = �2 (k�12k12 + k�11k11 + k�13k13)MQ1M�
Q1 (66)

�222 = �2 (k�23k23 + k�22k22 + k�12k12)MQ2M�
Q2

�233 = �2 (k�33k33 + k�23k23 + k�13k13)MQ3M�
Q3

�221 = 2 (k�12 (k
�
22 � k�11)� k23k�13)MQ1M�

Q2

�212 = 2 (k12 (k22 � k�11)� k�23k13)MQ2M�
Q1

�231 = 2 (k�13 (k
�
33 � k11) + k�12k�23)MQ1M�

Q3

�213 = 2 (k13 (k33 � k�11) + k12k23)MQ3M�
Q1

�232 = 2 (k�23 (k22 � k�33)� k12k�13)MQ2M�
Q3

�223 = 2 (k23 (k
�
22 � k33)� k�12k13)MQ3M�

Q2

Regarding b� �!1� , by using the expression of eq.(11) and after straightforward
calculations, one can show that it takes (for the quarks) the form:

b� �!1�! �Q =

0BB@
�Q11

�Q12
�Q13

�Q21
�Q22

�Q23

�Q31
�Q32

�Q32

09

09 09

1CCA (67)
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where

�Q11
= 2

��
f24 + f

2
5

�
MQ1Q3 +

�
f21 + f

2
2

�
MQ1Q2

�
(68)

�Q21 = (if6 + f7) (�if4 + f5)
�
MQ2Q1 + 2MQ1Q3

�
+ 2if3 (�if1 + f2)MQ2Q1

�Q31
= (�if4 + f5) (�if3 � 3f8)MQ1Q3 � (�if6 + f7) (�if1 + f2)

�
MQ1Q3 + 2MQ3Q2

�
�Q12

= (�if6 + f7) (if4 + f5)
�
MQ2Q1 + 2MQ1Q3

�
� 2if3 (if1 + f2)MQ2Q1

�Q22
= 2

��
f26 + f

2
7

�
MQ2Q3 +

�
f21 + f

2
2

�
MQ1Q2

�
�Q32 = (if6 + f7) (3f8 � if3)MQ2Q3 � (if4 + f5) (�if1 + f2)

�
MQ2Q3 + 2MQ1Q2

�
�Q13

= (if4 + f5) (if3 � 3f8)MQ1Q3 � (if6 + f7) (if1 + f2)
�
MQ1Q3 + 2MQ3Q2

�
�Q23

= (if6 + f7) (3f8 � if3)MQ2Q3 � (if4 + f5) (�if1 + f2)
�
MQ2Q3 + 2MQ1Q2

�
�Q33

= 2
��
f26 + f

2
7

�
MQ2Q3 +

�
f24 + f

2
5

�
MQ1Q3

�
with

MQiQj �MQiM�
Qi �MQjM�

Qj (69)

One can show that �2Q takes the form:

�2Q = �20Q + �Q = diag
�
�201Q; �

2
2Q

�
+ �Q (70)

where

�201Q =

0@ � 0111 � 0112 � 0113
� 0121 � 0122 � 0123
� 0131 � 0132 � 0133

1A (71)

with

� 0111 = �211 (72)

� 0122 = �222

� 0133 = �233

� 0121 = (k�12 (k
�
11 � k22)� k23k�13)MfQ2Q1g

� 0112 = (k12 (k11 � k�22)� k�23k13)MfQ1Q2g

� 0131 = (k�13 (k
�
11 � k33) + k�12k�23)MfQ3Q1g

� 0113 = (k13 (k11 � k�33) + k12k23)MfQ1Q3g

� 0132 = (k�23 (k
�
22 � k33)� k�12k13)MfQ3Q2g

� 0123 = (k23 (k22 � k�33)� k�12k13)MfQ2Q3g

and
MfQiQjg �MQiM�

Qi +MQjM�
Qj (73)

Thus, �2Q can be rewritten as:

�2Q = diag
�
�101Q; �

2
2Q

�
mod�Q

�

1a

�
13



Now, using the conditions of eqs.(16); (17); (18), we can show that:

r0a = b� (a) (74)

r1a = b� �
1a�
j0a = 0

j1a = 0

and

j2a = b� �=2a��(fb�(a); b�(a)g � diag (RI18;RI18)) 3 J2�diag (AQ +�Q; Al +�l)�diag (JQ; Jl)
(75)

We remind that the ideal b� �=2a� is given as a set of elements j2 2 J2 = b� �=2a�
of the form:

j2 =
X
�;z�0

�b� (az�) ; ::: �b� �a1�� ; �M2; b� �a0���� :::� (76)

where
0 =

X
�;z�0

�b� (az�) ; ::: �b� �a1�� ; ��iM; b� �a0���� :::� (77)

If we use the parametrization:X
�

c1� 
 b1� = �i 2 �0 
 C (78)

X
�

c1� 
 a1� =
X
�

c1� 
 if0� = iA0 2 �1 
 u(1) (79)

andX
�

c1� 
 a3� = A 2 �1 
 su(3)

=

0BBBBB@

X
�

c1� 
 i (f3� + f8�)
X
�

c1� 
 i (f1� � if2�)
X
�

c1� 
 i (f4� � if5�)X
�

c1� 
 i (f1� + if2�) �
X
�

c1� 
 i (f3� � f8�)
X
�

c1� 
 i (f6� � if7�)X
�

c1� 
 i (f4� + if5�)
X
�

c1� 
 i (f6� + if7�) �2
X
�

c1� 
 if8�

1CCCCCA(80)

=

0@ i (A3 +A8) i(A1 � iA2) i(A4 � iA5)
i(A1 + iA2) �i (A3 �A8) i(A6 � iA7)
i(A4 + iA5) i(A6 + iA7) �2iA8

1A
The connection � (see eq.(19)), has the following bloc diagonal matrix form:

� =

�
�Q 0
0 �l

�
(81)
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where

�Q =

 
�A

1

Q �H
1

Q

�H
2

Q �A
2

Q

!
(82)

and

�l =

 
�A

1

l �H
1

l

�H
2

l �A
2

l

!
(83)

with

�A
1

Q =

0@ i(A38 + b�A0)
 I3 iA�12 
 I3 iA�45 
 I3
iA12 
 I3 i(�A�38 + b�A0)
 I3 iA�67 
 I3
iA45 
 I3 iA67 
 I3 (�2iA8 + ib�A0)
 I3

1A
(84)

�A
2

Q =

0@ ib�A0 
 I3 03 03
03 ib
A0 
 I3 03
03 03 ib�A0 
 I3

1A (85)

�H
1

Q =

0@ �i
5�4MQ1 �i
5�1MQ2 �i
5�2MQ3

i
5�1MQ1 �i
5�5MQ2 �i
5�3MQ3

i
5�2MQ1 i
5�3MQ2 �i
5�6MQ3

1A (86)

�H
2

Q =

0B@ �i
5�4M�
Q1 i
5�1M

�
Q1 i
5�2M

�
Q1

�i
5�1M�
Q2 �i
5�5M�

Q2 i
5�3M
�
Q2

�i
5�2M�
Q3 �i
5�3M�

Q3 �i
5�6M�
Q3

1CA (87)

�A
1

l =

0@ iA38 
 I3 iA�12 
 I3 iA�45 
 I3
iA12 
 I3 �iA�38 
 I3 iA�67 
 I3
iA45 
 I3 iA67 
 I3 �2iA8 
 I3

1A (88)

�A
2

l =

0@ 03 03 03
03 �iA0 
 I3 03
03 03 iA0 
 I3

1A (89)

�H
1

l =

0@ �i
5�4ML1 �i
5�1ML2 �i
5�2ML3

i
5�1ML1 �i
5�5ML2 �i
5�3ML3

i
5�2ML1 i
5�3ML2 �i
5�6ML3

1A (90)

and

�H
2

l =

0@ �i
5�4M�
L1 i
5�1M

�
L1 i
5�2M

�
L1

�i
5�1M�
L2 �i
5�5M�

L2 i
5�3M
�
L2

�i
5�2M�
L3 �i
5�3 
M�

L3 �i
5�6M�
L3

1A (91)

Here A�ij � (Ai � iAj). It is very important to mention that the Higgs mul-
tiplets representations of su(3) are uniquely determined by the fermionic mass
matrix. In fact, the degrees of freedom of the scalar particles �i, i = 1; 6
are dictated and imposed by NAG and which looks like the 3 � 3 � 1 eco-
nomical model where there are just two Higgs triplets[34; 35]. Moreover, this
minimal scalar sector (as it will be shown later) is able to break the symmetry
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SU(3)c
SU(3)L
U(1)N spontaneously to SU(3)c
U(1)em in one step. The

action of the hermitique operators b�, b�, b
 , b�, b�0, b�0, b
0 and b�0 on the scalar
matter and vector �elds �i and A0 respectively is denoted by:

b��i = b�0�i = ��i (92)b��i = b�0�i = ��ib
�i = b
0�i = 
�ib��i = b�0�i = ��i�
3b�+ b� + b
 + b��A0 = pxA0 (93)

and �
3b�0 + b�0 + b
0 + b�0�A0 = 0 (94)

where �, �, 
 and � are arbitrary real numbers. The parameter x is related to
the N charges and is a generation independent (see eq.(112)). Notice also that
contrary to the Wulkenhaar construction to the �ipped SU(5) 
 U(1) grand
uni�ed theory (GUT ) within the framework of NAG [18]where the matrix Lie
algebra su(5) is considered as an input and the u(1) part with its representation
on the fermions as an algebraic consequence, we have considered in this paper
(as it was done in our reference [20])the matrix Lie algebra su(5) � u(1). The
reason was that in reference [18], in order to compute the structure of elements
belonging to r0a after decomposing them into irreducible su(5) representations,
the condition

�
r0a;b� (a)� � b� (a) yields to a block structure where the compat-

ibility with the two conditions
�
r0a;b� (a)	 � fb� (a) ;b� (a)g+ b� �
2a� and�

r0a;b� �
1a�	 � �b� (a) ;b� �
1a�	+ b� �
3a� implies that the connection
form has a structure with an additional u(1) part with a unique representation
on the fermionic Hilbert space. This is not the case in our model.
Let us now compute the anticommutator fb�(a1; a3); b�(a1; a3)gwhere:

fb�(a1; a3); b�(a1; a3)g = diag (fb�Q(a1; a3); b�Q(a1; a3)g ; fb�l(a1; a3); b�l(a1; a3)g)
(95)

Direct simpli�cations lead to the following form:

fb�Q(a1; a3); b�Q(a1; a3)g = AQ +�Q (96)

where

AQ = 2

0BBBBB@
b�b�0(3+8)� 
 I3 b��b�1� � ib�2��
 I3 b��b�04� � bi�05� �
 I3b��b�1� + ib�2��
 I3 b�b�0(3�8)� 
 I3 b��b�06� � ib�07� �
 I3b��b�04� + ib�05� �
 I3 b��b�06� + ib�07� �
 I3 4b�b�08� 
 I3

09

09 09

1CCCCCA
(97)
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and

�Q = 2

0BBBBBBBBBB@

�b�1 + b�2b��
 I3 �b�1 � ib�2�
 I3 �b�3 � ib�4�
 I3 03 03 03�b�1 + ib�2�
 I3 �b�2 + b�2b��
 I3 �b�5 � ib�6�
 I3 03 03 03�b�3 + ib�4�
 I3 �b�5 + ib�6�
 I3 �b�3 + b�2b��
 I3 03 03 03

03 03 03 b�2b�
 I3 03 03
03 03 03 03 b
2b�
 I3 03

03 03 03 03 0 b�2b�
 I3

1CCCCCCCCCCA
(98)

The parameters b�0(3+8)� ; b�1�; b�2�; b�04� ; b�05� ; b�0(3�8)� ; b�06� ; b�07� ; b�08� ; b�1; b�2; b�3; b�; b�1; b�2; b�3; b�4; b�5
and b�6 2 R. Similarly, for leptons the anticommutator f�l(a1; a3); �l(a1; a3)g
takes the following form :

f�l(a1; a3); �l(a1; a3)g = Al +�l (99)

where

Al = 2

0BBBBB@
b�0e�0(3+8)�0 
 I3 b�0 �e�1�0 � ie�2�0�
 I3 b�0 �e�04�0 � ie�05�0�
 I3b�0 �e�1�0 + ie�2�0�
 I3 b�0e�0(3�8)�0 
 I3 b�0 �e�06� � ie�07�0�
 I3b��e�04�0 + ie�05�0�
 I3 b�0 �e�06�0 + ie�07�0�
 I3 4b�0e�08�0 
 I3

09

09 09

1CCCCCA
(100)

and

�l =

0BBBBBBBBBB@

�e�1 + b�02e��
 I3 �e�1 � ie�2�
 I3 �e�3 � ie�4�
 I3 03 03 03�e�1 + ie�2�
 I3 �e�2 + b�02e��
 I3 �e�5 � ie�6�
 I3 03 03 03�e�3 + ie�4�
 I3 �e�5 + ie�6�
 I3 �e�3 + b�02e��
 I3 03 03 03

03 03 03 b�02e�
 I3 03 03
03 03 03 03 b
02e�
 I3 03

03 03 03 03 03 b�02e�
 I3

1CCCCCCCCCCA
(101)

Here e�0(3+8)� ; e�0(3�8)� ; e�08� ; e�04� ; e�05� ; e�06� ; e�07� ; e�1�; e�2�; e�1; e�2; e�3; e�; e�1; e�2; e�3; e�4; e�5
and e�6 2 R. For generic masse matrices MQ1 ; MQ2 ; MQ3 ;ML1 ; ML2 ; ML3(see

eqs.(49); (50)), eqs.(16); (17) and(18) have the solution j0a = 0 and j1a = 0 and

j2a = b� �=2a�� (fb�(a); b�(a)g+ diag (RI18;RI18)) (102)

3 j2 � diag (AQ +�Q; Al +�l)� diag (JQ; Jl) (103)
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where JQ and Jl have the form:

JQ = diag

  
�1 + b�2�0; �2 + b�2�0; �3 + b�2�0; �1 + �8 + b�2�0;

�2 + �8 + b
2�0; �3 + �8 + b�2�0
!

 I3

!
(104)

and

Jl = diag

  
�1 + b�02�0; �2 + b�02�0; �3 + b�02�0; �1 + �8 + b�02�0;

�2 + �8 + b
02�0; �3 + �8 + b�02�0
!

 I3

!
(105)

for j2 2 b� �=2a�and �0; �1; �2; �3; �8; �1; �2; �3 2 R. We remind that in the
analysis of b� �=2a�, we must �nd the space of elements b� �!1�, where !1 2

1a\ kerb�:For the factorization and elimination of the junks forms, the problem
consists of solving the eq.(23) which is equivalent to �nding for each given
�2 2 b� �
2a� an element j 2 J = j2 � diag (AQ +�Q; Al +�l)� diag (JQ; Jl)
such that

Trj0�
�
�2 + j

�
= 0;8j 2 J (106)

Notice that, since J is block diagonal, the o¤-diagonal blocks �2i;j do not con-

tribute to the trace in eq.(105). Straightforward but lengthy calculation using
Mapple package gives the following constraints:

�1 + x1b�+ �0b�2 =
2

9
(k12k

�
12 + k

�
13k13 + k

�
11k11)TrMQ1

M�
Q1

�2 + x2b�+ �0b�2 =
2

9
(k12k

�
12 + k

�
23k23 + k

�
22k22)TrMQ2

M�
Q2

�3 + 4x3b�+ �0b�2 =
2

9
(k�13k13 + k

�
23k23 + k

�
33k33)TrMQ3

M�
Q3

z1 + y1b� =
1

9
(�k�23k13 + k�12 (�k22 + k�11))TrM1

z2 + y2b� =
1

9
(k�12k

�
23 + k

�
13 (�k33 + k�11))TrM2

z3 + y3b� =
1

9
(�k12k�13 + k�23 (�k33 + k�22))TrM3

�1 + �8 + �0b�2 =
1

9
(k12k

�
12 + k

�
13k13 + k

�
11k11)TrMQ1

M�
Q1

(107)

�2 + �8 + �0b
2 =
1

9
(k12k

�
12 + k

�
23k23 + k

�
22k22)TrMQ2

M�
Q2

�3 + �8 + �0b�2 =
1

9
(k�13k13 + k

�
23k23 + k

�
33k33)TrMQ3

M�
Q3
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�1 + x1b�0 + �0b�02 = 2

9
(k012k

0�
12 + k

0�
13k

0
13 + k

0�
11k

0
11)TrML1M

�
L1

�2 + x2b�0 + �0b�02 = 2

9
(k012k

0�
12 + k

0�
23k

0
23 + k

0�
22k

0
22)TrML2M

�
L2

�3 + 4x3b�0 + �0b�02 = 2

9
(k0�13k

0
13 + k

0�
23k

0
23 + k

0�
33k

0
33)TrML3M

�
L3

z1 + y1b�0 = 1

9
(k0�12 (�k0�11 + k022) + k0�23k013)TrW1

z2 + y2b�0 = 1

9
(k0�13 (�k0�11 + k033) + k0�12k0�23)TrW2

z3 + y3b�0 = 1

9
(k0�23 (�k0�22 + k033) + k012k0�13)TrW3

�1 + �8 + �0b�02 = 1

9
(k012k

0�
12 + k

0�
13k

0
13 + k

0�
11k

0
11)TrML1M

�
L1

�2 + �8 + �0b
02 = 1

9
(k012k

0�
12 + k

0�
23k

0
23 + k

0�
22k

0
22)TrML2M

�
L2

�3 + �8 + �0b�02 = 1

9
(k0�13k

0
13 + k

0�
23k

0
23 + k

0�
33k

0
33)TrML3M

�
L3

where:

x1 = b�0(3+8)� ; x2 = b�0(3�8)� ; x3 = b�08�
y1 = b�1� + ib�2�; y2 = b�04� + ib�05� ; y3 = b�06� + ib�07�
z1 = b�1 + ib�2; z2 = b�3 + ib�4; z3 = b�5 + ib�6
M1 = MfQ2Q1g;M2 =MfQ1Q3g;M3 =MfQ3Q2g

W1 = MfL2L1g;W2 =MfL1L3g;W3 =MfL3L2g (108)

Thus, we have found j 2 J = j2 � diag (AQ +�Q; Al +�l) � diag (JQ; Jl) or
equivalently where the relations of eqs.(106) hold such that the representative
e (�) is ortogonal to J � J2g and the junks forms are eliminated. It is wotrth to
mention and since we are dealing with the same scalar and vector bosons while
considering quarks or leptons, one has to have for consistency:

b�0(3+8)� = e�0(3+8)� ; b�0(3�8)� = e�0(3�8)� ; b�08� = e�08� (109)b�1� + ib�2� = e�1� + ib�2�; b�04� + ib�05� = e�04� + ie�05� ; b�06� + ib�07� = e�06� + ie�07�b�1 + ib�2 = e�1 + ie�2; b�3 + ib�4 = e�3 + ie�4; b�5 + ib�6 = b�5 + ib�6
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3.2.1 Bosonic action

Now, if we denote by:

fMQiQi =MQi
M�
Qi
� 1
3
trMQi

M�
Qi

(110)

fMLiLi =MLiM
�
Li �

1

3
trMLiM

�
Li

and after use of the relations of eqs.(106), the expression of the matrix � (see
eqs.(81)� (91)) and a Wick rotation, one can show that the bosonic action SB
takes the form:

SB =
1

36g20

Z
X

dx tr
�
e(�)2

�
=

1

36g20

Z
X

dx ($0 +$1 +$2) (111)

Here g0 is the U(1)N gauge coupling constant. After straightforward but tedious

simpli�cations, we obtain the following expressions:

($0) =
1

18g20
fTr

��fMQ1Q1

�2
+
�fML1L1

�2��
�1�1 + �2�2 +

�
�4 � 1

�
(�4 � 1)

�2
(112)

+2Tr
��fMQ1Q1

fMQ2Q2
+ fML1L1

fML2L2

�� ����4 � �5��1 � �2�3��2
+Tr

���fMQ2Q2

�2
+
�fML2L2

�2���
�1�1 + �3�3 +

�
�5 � 1

�
(�5 � 1)

�2
+2Tr

��fMQ3Q3
fMQ2Q2 +

fML2L2
fML3L3

�� ����5 � �6��3 � �2�1��2
+Tr

��fMQ3Q3

�2
+
�fML3L3

�2��
�2�2 + �3�3 +

�
�6 � 1

�
(�6 � 1)

�2
+2Tr

��fMQ3Q3
fMQ1Q1 +

fML3L3
fML1L1

�� ����6 � �4��2 � �3�1��2g
($1) =

1

18g20
f[tr

���d�1 + (�i ((� � �)A0 �A38))�1 + iA�67�2 + iA12 (�4 + 1)�� 2� (113)

+tr(
��d�2 + (�i (2A8 + (� � �)A0))�2 + iA�67�1 + iA�45 ��4 + 1���2)

+tr(
��d�4 + iA�45�2 + iA�12�1 + (�iA38 + (� � �)A0) (�4 + 1)��2]Tr �MfQ1Q1g +MfL1L1g

�
+[tr(

��d�1 + (�i ((
 � �)A0 �A38))�1 + �3 (�iA45) + iA12 ��5 + 1���2)
+tr(

��d�3 � iA45�1 + (�i (2A8 + (
 � �)A0))�3 � iA67 (�5 + 1)��2)
+tr(

��d�5 + iA12�1 + iA�67�3 + (i (A�38 � (
 � �)A0)) (�5 + 1)��2)]Tr �MfQ2Q2g +MfL2L2g
�

+[tr
�
jd�6 + iA45�2 + iA67�3 + (i ((� � �)A0 � 2A8)) (�6 + 1)j

2
�

+tr(
��d�3 + iA�12�2 + (i (A�38 + (� � �)A0))�3 + iA67 ��6 + 1���2)

+tr(
��d�2 + (i ((� � �)A0 +A38))�2 + iA�12�3 + iA�45 (�6 + 1)��2)]Tr �MfQ3Q3g +MfL3L3g

�
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and

($2) =
1

3g20
tr

"�
dA3 ++

1

2
fA3; A3g

�2
+

�
dA8 ++

1

2
fA8; A8g

�2#
++

1

36g20
xtr (dA0)

2

+tr

 
6X
i=1

d (Ai � iAi+1) +
1

2

6X
i=1

f(Ai � iAi+1) ; (Ai � iAi+1)g
!2

(114)

where

x =
�
3�j + �j + 
j + �j

�2
=
X

(N charges)2 ; 8j = 1; 3 (115)

3.2.2 Fermionic action

In what follows, the quarks (resp. leptons) wave functions 	Qj (resp.	Lj ) are

denoted by:
	Qj : (Qj1L; Q

j
2L; Q

j
3L; Q

j
1R; Q

j
2R; Q

j
3R) (116)

and
	Lj (L

j
1L; L

j
2L; L

j
3L; L

j
1R; L

j
2R; L

j
3R) (117)

After a Wick rotation and making the following rede�nitions for the gauge �elds:

A0 =
ig0p
x

�W 0

� (118)

A�12 = A1 �A2 = ig
�(W 1
� � iW 2

�) = ig
�W�
� (119)

A�45 = A4 � iA5 = ig
�(W 4
� � iW 5

�) = ig
�V �� (120)

A�67 = A6 �A7 = ig
�(�W 6
� � iW 7

�) = ig
�U��� (121)

A8 = ig
�W 8
� (122)

and
A3 = ig
�W 3

� (123)

we get the following fermionic interactions (the vector gauge bosons and scalar
�elds (Yukawa terms) are denoted by Lint and LY ukawa respectively): For
quarks,
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Lint = LQint =
3X
j=1

f�ig0p
x
[Q

j

1R�
j
�W 0

�Q
j
1R +Q

j

2R

j
�W 0

�Q
j
2R +Q

j

3R�
j
�W 0

�Q
j
3R]

+ig[�Qj1L
�
�
W 3
� +W

8
� + �

jW 0
�

�
Qj1L +Q

j

2L

�
�
W 3
� �W 8

� � �jW 0
�

�
Qj2L

+Q
j

3L

�
�
2W 8

� � �jW 0
�

�
Qj3L +Q

j

1R

�W�

� Q
j
2L �Q

j

2R

�W+

� Q
j
1L

�Qj3R
�V �� Q
j
1L +Q

j

1R

�V +� Q

j
3L +Q

j

3R

�U��� Qj2L

�Qj2R
�U++� Qj3L]g (124)

and

LY ukawa = LQY ukawa =
1p
2

X
j

[
1q

Tr
�
MfQ1Q1g +MfL1L1g

�mQj
1

�
Q
j

1L�4Q
j
1R �Q

j

2L�1Q
j
1R �Q

j

3L�
�
2Q

j
1R + c:c

�
+

1q
Tr
�
MfQ2Q2g +MfL2L2g

�mQj
2

�
Q
j

1L�
�
1Q

j
2R �Q

j

2L�5Q
j
2R �Q

j

3L�3Q
j
2R + c:c

�
+

1q
Tr
�
MfQ3Q3g +MfL3L3g

�mQj
3

�
�Qj1L�2Q

j
3R �Q

j

2L�
�
3Q

j
3R +Q

j

3L�6Q
j
3R + c:c

�
] (125)

Here �c:c�means complex conjugate and g denotes the SU(3)L gauge couplings
constant. Similarly for leptons one has:

Lint = LLint =
3X
j=1

f�ig0p
x
[�Lj2R
�W 0

�L
j
2R + L

j

3R

�W 0

�L
j
3R] + ig[�L

j

1L

�
�
W 3
� +W

8
�

�
Lj1L

+L
j

2L

�
�
W 3
� �W 8

�

�
Lj2L + 2L

j

3L

�W 8

�L
j
3L + L

j

1R

�W�

� L
j
2L � L

j

2R

�W+

� L
j
1L

�Lj3R
�V +� L
j
1L + L

j

1R

�V �� L

j
3L + L

j

3R

�U++� Lj2L � L

j

2R

�U��� Lj3L]g (126)

and

LY ukawa = LLY ukawa =
1p
2

X
j

[
mLj1q

Tr
�
MfQ1Q1g +MfL1L1g

� �Lj1L�4Lj1R � Lj2L�1Lj1R � Lj3L��2Lj1R + c:c�(127)

+
mLj2q

Tr
�
MfQ2Q2g +MfL2L2g

� �Lj1L��1Lj2R � Lj2L�5Lj2R � Lj3L�3Lj2R + c:c�
+

mLj3q
Tr
�
MfQ3Q3g +MfL3L3g

� ��Lj1L�2Lj3R � Lj2L��3Lj3R + Lj3L�6Lj3R + c:c�]
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4 NAS mass, couplings and mixing angles

4.1 Scalar bosons

In order to read correctly the lagrangian density of eq.(111), let us �rst make
the following scalar �elds rede�nitions:

�i =
3p
2
g0
e�i e�i; i = 1; 3 (128)

and

�i � 1 =
3p
2
g0
e�i e�i; i = 4; 5 (129)

If we set:


e�1 = 
e�1 =
�
Tr
�
MfQ1Q1g +MfQ2Q2g +MfL1L1g +MfL2L2g

���1
2


e�2 = 
e�2 =
�
Tr
�
MfQ1Q1g +MfQ3Q3g +MfL1L1g +MfL3L3g

���1
2


e�3 = 
e�3 =
�
Tr
�
MfQ2Q2g +MfQ3Q3g +MfL2L2g +MfL3L3g

���1
2


e�4 = 
e�4 =
�
Tr
�
MfQ1Q1g +MfL1L1g

���1
2 (130)


e�5 = 
e�5 =
�
Tr
�
MfQ2Q2g +MfL2L2g

���1
2


e�6 = 
e�6 =
�
Tr
�
MfQ3Q3g +MfL3L3g

���1
2

then, the lagrangian density L0 of eq.(111) takes the following form:

L0 =
9

8
g20

6X
j=1

�j (131)

where

�1 = $1

�
�(e�1; e�1) + 9

2
�(e�2; e�2) + �(e�4; e�4)�2

�2 = 2$2

����(e�4; e�1)� �(e�5; e�1)� �(e�2; e�3)���2
�3 = $3

�
�(e�1; e�1) + �(e�3; e�3) + �(e�5; e�5)�2

�4 = 2$4

����(e�5; e�3)� �(e�6; e�3)� �(e�2; e�1)���2 (132)

�5 = $5

�
�(e�2; e�2) + �(e�3; e�3) + �(e�6; e�6)�2

�6 = 2$6

����(e�6; e�2)� �(e�4; e�2)� �(e�3; e�1)���2
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�(A;B) = 
A
BA:B (133)

and

$1 = 
�2e�4 (134)

$2 = Tr
�fMQ1Q1

fMQ2Q2
+ fML1L1

fML2L2

�
$3 = 
�2e�5
$4 = Tr

�fMQ2Q2
fMQ3Q3 +

fML2L2
fML3L3

�
$5 = 
�2e�6
$6 = Tr

�fMQ3Q3
fMQ1Q1

+ fML3L3
fML1L1

�
Notice that L0 looks like the minimal scalar �eld potential with two triplets
Higgs bosons. If we choose the vaccum expectation values of the generic scalar
�elds as: De�jE = 0, j = 1; 3 (135)De�jE = vj�3, j = 4; 6

the usual analysis shows that this set of V eV breaks the symmetry in one single

step:

SU(3)c 
 SU(3)L 
 U(1)N ! SU(3)c 
 U(1)Q (136)

For the particular value v2 = 0 or v1 = 0, the symmetry breaking chain becomes:

SU(3)c
SU(3)L
U(1)N !v3 SU(3)c
SU(3)L
U(1)N !v1or v2 SU(3)c
U(1)Q
(137)

After the Higgs mechanism, the scalar bosons masses become:

M2e�1 =
9

4
g20


2e�1
�

2e	1

v21$1 � 2
e	1

e	2

v1v2$2 +

2e	2
v22$3

�
(138)

M2e�2 =
9

4
g20


2e�2
�

2e	1

v21$1 � 2
e	1

e	3

v1v3$6 +

2e	3
v23$5

�
M2e�3 =

9

4
g20


2e�3
�

2e	2

v22$3 � 2
e	2

e	3

v2v3$4 + 2

2e	3
v23$5

�
M2e	1

=
27

4
g20v

2
1


2e	1

M2e	2
=

27

4
g20v

2
2


2e	2

M2e	3
=

27

4
g20v

2
3


2e	3
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4.2 Vector gauge �elds

4.2.1 Charged gauge bosons

In the basis fW�; V �; U��g, and after the one step spontaneous symmetry
breaking (SSB) and Higgs mechanism, the charged gauge bosons mass matrix
MCGB reads:

MCGB = g2

0@ v21 + v
2
2 0 0

0 v21 + v
2
3 0

0 0 v22 + v
2
3

1A (139)

and consequently, one deduces that:

M2
W� = g2

�
v21 + v

2
2

�
(140)

M2
V � = g2

�
v21 + v

2
3

�
(141)

and
M2
U� = g2

�
v22 + v

2
3

�
(142)

4.2.2 Neutral gauge bosons

For the neutral gauge bosons, and after straightforward simpli�cations using
eq.(112), one gets (after SSB) in the basis

�
W 0
� ;W

3
� ;W

8
�

	
the following sym-

metric non diagonal mass matrix MNGB :

MNGB =

0@ M11 M12 M13

M12 M22 M23

M13 M23 M33

1A (143)

where

M11 =
g2

x

h
(� � �)2 v21 + (
 � �)

2
v22 + (� � �)

2
v23

i
(144)

M22 = g2
�
v21 + v

2
2

�
(145)

M33 = g2
�
v21 + v

2
2 + v

2
3

�
(146)

M12 =
gg0p
x

�
(
 � �) v22 + (�� �) v21

�
(147)

M13 =
�gg0p
x

�
(� � �) v21 + (
 � �) v2 + 2 (� � �) v23

�
(148)

and
M23 = g2

�
v21 � v22

�
(149)

If we set v1 = v2 and in order to have a one vanishing eigenvalue (representing
the rest mass square of the photon M2


 ), one has to have the constraint:

�M2
12M33 �M2

13M22 +M11M22M33 = 0 (150)

25



leading to the relations:

� � � = � � 
 (151)

and

� = � (152)

The remaining non vanishing eingenvalues denoted byM2
1 andM

2
2 which can be

identi�ed with the mass square of the Z 0 and Z0 bosons respectively are given
by:

M2
1 =M2

Z0 =

�
g20
x
(
 � �)2 + 4g2

�
v23 (153)

and

M2
2 =M2

Z0 =
4g2

h
3g20
x (
 � �)2 + 2g2

i
h
g20
x (
 � �)

2
+ 4g2

i v21 (154)

Now, if we introduce a mixing angle � such that:

tan � =
g0
g
p
x

(155)

and if we require that the Z andW� gauge bosons masses are the same as that
of the standard model, then, one can show easily that:

tan2 � =
4 sin2 �w

(
 � �)2 (6 cos2 �w � 1)
(156)

or equivalently

cos �w =

vuut1 + 1
4 (
 � �)

2
tan2 �

1 + 3
2 (
 � �)

2
tan2 �

(157)

where �w is the Weinberg mixing angle. From the expression of eq.(155), one
deduces that cos2 �w � 1

6 . This lower limit is compatible with the experimental
value cos2 �w � 0:76. Notice also that if sin2 �w � 1

4 , one gets:

tan � � � 1

j
 � �j

r
2

7
(158)

Regarding the eigenstates related to M2

 , M

2
Z0 and M2

Z eigenvalues, one can
show that they are given by the following expressions:

B� = =B
�
�11W

0
� + �12W

3
� + �13W

8
�

�
(159)

Z 0� = =Z0
�
�21W

0
� + �22W

3
� + �23W

8
�

�
(160)
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and
Z� = =Z

�
�31W

0
� + �32W

3
� + �33W

8
�

�
(161)

where

�11 = �21 = �31 = 1 (162)

�12 = �13 = �33 = �
(
 � �)
2

tan � (163)

�22 = 0 (164)

�23 = 2 cot � (165)

�32 =
2 cot �

5 (
 � �) +

 � �
10

(166)

=B =
�
�211 + �

2
12 + �

2
13

��1=2
(167)

=Z0 =
�
�221 + �

2
22 + �

2
23

��1=2
(168)

and
=Z =

�
�231 + �

2
32 + �

2
33

��1=2
(169)

Of course, the above transformations can be shown to be a result of a general

rotation with Euler angles
�e�; e�; e
� . In fact abbreviating the sine and cosine

functions as s and c respectively, the corresponding rotation matrix R
�e�; e�; e
�

is:

R
�e�; e�; e
� =

0@ ce�ce
 � se�ce�se
 �ce�se
 � se�ce�ce
 se�se�
se�ce
 + ce�ce�se
 �se�se
 + ce�ce�ce
 �se�ce�

se�se
 se�ce
 ce�

1A (170)

where:

�12 = �13 = �33 = �
(
 � �)
2

tan � (171)

�22 = 0 (172)

�23 = 2 cot � (173)

�32 =
2 cot �

5 (
 � �) +

 � �
10

(174)

tan e
 = �32 (175)

tan e� = ��12
�23

�
1 + �223

�1=2 �
1 + �212

��1=2
(176)

and

cot e� = tan e� tan e
p
1� tan2 e� tan2 e
 (177)
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If for example � = 2
3 and 
 = �

1
3 , then, e�; e� and e
 get the values e� � �15; 96� ,e� � �68; 13�and e
 � 54; 38

�
respectively. As an illustration, we has dis-

played in �g.1, tan e� (solid line, denoted by tan�),tan e� (dashed line,denoted
by tan�) and tan e
 (dotted line,denoted by tan
) as a function of tan �. Notice
that in the interval of � 2 [2:29�; 27:92�] ; tan e� (resp.tan e
) is an increasing
(resp.decreasing) function of � while tan e� is almost constant.

Fig.1 tan e�; tan e� and tan e
 as a function of tan �
4.3 Fermions electromagnetic interaction term

To be more speci�c and keep our result as clear as possible, let us take the
�rst generation of quarks (u; d; J1). it is easy to show that the electromagnetic
lagrangian density $EMQ takes the form:

$EMQ =
g0p
x


�
�1Q

1

1

�B�Q

1
1 + 


1Q
1

2

�B�Q

1
2 + �

1Q
1

3

�B�Q

1
3

�
(178)

where


 =
4 cot � (1 + 4 cot �)

�
1 + 1

2 tan
2 �
��

24 + tan g � 16 cot2 � � 4 cot � � 5 tan2 �
� (179)
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with the constraints
�1 � �1 = �1 � 
1 = 1 (180)

and
�1 = �1 (181)

By identifying the u quark charge in eq.(177), one deduces that:

g0p
x

 = e (182)

and
�1 =

2

3
(183)

(e stands for the electric charge) and consequently :


1 = �1
3

�1 =
5

3
(184)

Notice that the values of �1; 
1 and �1 are compatible with the constraints of
eq.(179) and correspond exactly to the N charges of the left and right handed
�rst generation quarks of the commutative model[21]. Thus, NAG reproduces
uniquely as an output, the values of the particles N charges. Similarly, for the
second and third generations of quarks (s; c; J2) and (b; t; J3), one can show that:

�2;3 � �2;3 = �2;3 � 
2;3 = 1 (185)

and

�2 = �3 = �2 = �3 = �1
3


2 = 
3 = +
2

3

�2 = �3 = �4
3

(186)

The same study can be done for the leptons to obtain:

�0j � �0j = �0j � 
0j = 1
�0j = �0j = 0


0j = �1 (187)

�0j = +1;8j = 1; 3

It is very important to notice the remarquable result which is the universality
of the following relations :

�j � �j = �j � 
j = �0j � �0j = �0j � 
0j = 1
�j = �j = �0j = �0j ;8j = 1; 3 (188)
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independently from the type of particles (leptons or quarks) and generation.
More intersting, similar relations hold also for the parameters �; �; 
 and �.
This is probably related to the free anomaly of the model. Moreover, the value
of the x parameter which is related to the quarkN charges and as it is mentioned
in subsection3:2, gets a constant value independently of the generation type. In
fact, one can check easily (using eqs.(93)� (94)) that x = 4 for the quarks and
vanishs for leptons.

4.4 V � A fermions-neutral gauge bosons couplings
If we denote by $NC the neutral currents lagrangian density coupled to both
Z00 and Z0 massive vector bosons such as:

$NC = $NCQ +$NCL (189)

where

$NCQ =
�g

2 cos �w

X
i; j

h
Q
j

i

�
�
g
Qj
i

V;Z � g
Qj
i

A;Z0
5

�
QjiZ� +Q

j

i

�
�
g
Qj
i

V;Z0 � g
Qj
i

A;Z0
5

�
QjiZ

0
�

i
(190)

and

$NCL =
�g

2 cos �w

X
i; j

h
L
j

i

�
�
g
Lji
V;Z � g

Lji
A;Z0
5

�
LjiZ� + L

j

i

�
�
g
Lji
V;Z0 � g

Lji
A;Z0
5

�
LjiZ

0
�

i
(191)

we deduce the following V � A fermions-neutral gauge bosons couplings g
Qj
i

V;Z ,

g
Qj
i

V;Z0 , g
Qj
i

A;Z , g
Qj
i

A;Z0 , g
Lj1
V;Z , g

Lj1
V;Z0 , g

Lj1
A;Z0and g

Lj2
A;Z0 :

i)For quarks:

g
Qj
1

V;Z = �Ð
j
h
tj32 + t

j
33 + "

j
3t
j
31

i
; g
Qj
1

V;Z0 = Ð
j
h
tj33 � "

j
3t
j
21

i
; g
Qj
1

A;Z = �g
Qj
1

A;Z0 = Ð
jtj33;

(192)

g
Qj
2

V;Z = Ðj
h
tj32 � t

j
33 � "

j
4t
j
31

i
; g
Qj
2

V;Z0 = Ð
j
h
tj33 � "

j
4t
j
21

i
;

g
Qj
2

A;Z = Ðj
h
�tj32 + t

j
33 + "

j
5t
j
31

i
; g
Qj
2

A;Z0 = Ð
j
h
�tj33 + "

j
5t
j
21

i
(193)

and

g
Qj
3

V;Z = g
Qj
3

V;Z0 = Ð
j
h
2tj32 + "

j
1t
j
31

i
; g
Qj
3

A;Z = g
Qj
3

A;Z0 = Ð
j
h
�2tj32 + "

j
2t
j
31

i
(194)

ii)For leptons

g
Lj1
V;Z = �Ð

j
h
tj32 + t

j
33

i
; g
Lj1
V;Z0 = Ð

j
h
�tj32 + t

j
33

i
; g
Lj1
A;Z0 = �g

Lj1
A;Z = �Ð

jtj33
(195)
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g
Lj2
V;Z = Ðj

h
tj32 � t

j
33 + t

j
31

i
; g
Lj2
V;Z0 = Ð

j
h
tj33 + t

j
31

i
;

g
Lj2
A;Z = Ðj

h
�tj32 + t

j
33 + t

j
31

i
; g
Lj2
A;Z0 = Ð

j
h
�tj33 + t

j
21

i
(196)

and

g
Lj3
V;Z = g

Lj3
V;Z0 = Ð

j
h
2tj33 � t

j
31

i
; g
Lj3
A;Z = g

Lj3
A;Z0 = Ð

h
�2tj33 � t

j
21

i
(197)

where:

Ðj=Ð=
cos �w
�

(198)

"j1 = �
�
�j + �j

�
tan � (199)

"j2 =
�
�j � �j

�
tan � (200)

"j3 = �2�j tan � (201)

"j4 = �
�
�j + 
j

�
tan � (202)

"j5 =
�
�j � 
j

�
tan � (203)

t31 = =B=Z0�12�23 (204)

t32 = =B=Z0 (�12 � �23) (205)

t21 = =B=Z�12(�32 � �12) (206)

t33 = =B=Z (�32 � �12) (207)

and
� = =B=Z0=Z

�
��23�32 � (�12)2 + �12�23 + �12�32

�
(208)

Notice that in NAG and contrary to reference [21](commutative case), the
exotic quarks couple to the Z0 gauge boson not only through vector but axial
current as well. Fig.2 represents the vector (solid line,denoted by gJ1V;Z0) and

axial (dashed line,denoted by gJ1A;Z0) couplings of the J1 exotic quark with the
Z0 gauge boson as a function of tan �. Notice that and contrary to the vector
component, the axial coupling is negative and decreases rapidly.
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Fig.2 Vector and axial couplings of J1 exotic quark with Z 0 boson as a
function of tan �.

Following reference [21], strong bounds on the masses of the exotic vector
bosons coming from �avour changing neutral currents (FCNC) induced by

Z00can be obtained if one considers the contribution to K
0

L�K
0

S mass di¤erence
due to the exchange of a heavy neutral boson. If one takes for simplicity two
family mixing, one has in the lagrangian density a term like:

�g
4

MZ0

MW
cos �c sin �c

h
d
�

�
g
Q1
2

V;Z � g
Q1
2

A;Z0
5

�
s� d
�

�
g
Q2
1

V;Z � g
Q2
1

A;Z0
5

�
s
i
Z 0�

(209)
where Q12 (resp.Q

2
1) denotes the d (resp.s )quark. Then, one at low energies one

obtains the e¤ective interaction:

$eff =
g2

16

�
MZ0

MW

�2
cos2 �c sin

2 �c
M2
Z00

�
d
�(c

V
� c

A

5)s

�2
(210)

with
c
V
= c

A
= g

Q1
2

V;Z � g
Q2
1

V;Z = Ð tan � (211)

We remind the reader that the contribution of the c-quark in the standard model
is [36; 37] :

$SMeff = �
GFp
2

�e
4�

m2
c

M2
W sin2 �w

cos2 �c sin
2 �c

�
d
�

1

2
(1� 
5)s

�2
(212)
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where
g2

8M2
W

=
GFp
2

(213)

and �c; �e and GF stand for the Cabbibo angle, electromagnetic �ne structure
coupling constant and Fermi constant respectively. Now, if we assume that any
additional contribution to the K

0

L � K
0

S mass di¤erence from the Z00 boson
cannot be much bigger than the contribution of the charmed quark [38], then
we get the following lower bound:

M2
Z00 &

2�

�e

M4
W

m2
c

Ð2 tan2 � tan2 �w (214)

and consequently the V eV v3 has a lower limit:

v23 &
p
2�

4GF�e

M2
W

m2
c

Ð2 tan2 g� tan g2�w=
h
tan2 g� (
 � �)2 + 4

i
(215)

This implies ( if v3 � v1; v2 and using eqs.(140) and (141)) that:

M2
V �;U� &

2�

�e

M4
W

m2
c

Ð2 tan2 � tan2 �w=
h
tan2 g� (
 � �)2 + 4

i
(216)

For (
 � �)2 = 1, one gets MZ00 � 21:76TeV ,v3 � 13:49TeV and MV �;U� �
10; 51TeV . Fig.3 (resp.Fig4) displays the variation of the lower bound of MZ00

(resp.MV �;U�) as a function of tan �: Notice that although � is small, the vari-
ations of MZ00 (resp.MV �;U�) are very important � O(4TeV ) � O(14TeV )
(resp.� O(2TeV )�O(7TeV ) in the interval � 2

�
18:10�4 � 28:10�4

�
.

Fig.3 Variation of lower bound of MZ00 as function of tan �.
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Figure 1: Fig.4 Variation of MU+;V + as a function of tan �
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5 Conclusions

We have reformulated a classical gauge model based on the gauge Lie group
SU(3)c 
 SU(3)L 
 U(1)N with exotic quarks within the formalism of non-
associative geometryNAG associated to an L-cycle. In fact, we have determined
the elements of the representation b� acting on the space 
1a and 
2a of the
1-forms and 2-forms respectively and de�ning the b� : 
1a ! MFC mapping.
The elements of the Junks forms de�ning the spaces j0a ;j1a and j2 a �MF (C)
are also determined and its elimination requires some constraints on the var-
ious NAG parameters (see eq.(106)). The elements of the r0 a � MFC and
r1 a � MF (C) spaces needed for the construction of a connection form � and
a curvature � are also identi�ed and de�ned. The structure of the connection �
and the representative e (�) of the curvature orthogonal to J2g have been con-
structed and the bosonic as well as fermionic actions are computed after a Wick
rotation. Since one of the family of quarks is incorporated di¤erently from the
other two, we were obliged to introduce in the representation b�Q(a1; a3) andb�L(a1; a3)of quarks and leptons respectively the operators b�; b�; b
; b� etc...where
their action leads to the N charges of the fermionic particles in various gen-
erations and are uniquely determined. More interesting is the universality of
the constraints imposed on the parameters representing these N charges (see
eqs.(187)). This is probably another form of the anomaly cancellation and can
be considered as an output of NAG. Furthermore, the number of the scalar
bosons are imposed by NAG and it is similar to that of the economical non-
supersymmetric 3 � 3 � 1 model with two Higgs triplets. Thus, the degrees of
freedom in the scalar sector are dictated by NAG. Regarding the predictions
of this formalism, we have obtained a relation between the Weinberg angle �w,
some free parameters representing the eigenvalues of the operators b�; b�; b� andb
 on the scalar particles and the mixing angle � (see eq.(156)). We have also
derived the expressions of the various scalar, charged gauge bosons and neutral
gauge bosons masses. In fact, following the argument of reference[21], we have
obtained lower limits of the MZ00 and MV �;U� as functions of the � angle. We
have also determined the mixing angles between the neutral gauge bosons Z0

, Z00 and the photon B represented by the Euler rotation angles e�; e� and e
.
Concerning, the various expressions of the V � A couplings of the quarks and
leptons with the Z00 and Z0 gauge bosons, they are also derived and given ex-
plicitly in terms of the mixing angle �, and the free parameter �; �;etc... It is
to be noted that contrary to the commutative case, the exotic quarks couple to
the Z0 gauge boson not only through vector but axial current as well. Finally,
all the previous results are valid only at the tree level. As it is argued in our
reference [10]in the framework of NCG, there is no satisfactory quantization
procedure which has been developed yet treating the gauge and Higgs bosons
in an equal footing. Therefore, we expect that the quantum �uctuations may
badly violate the resulted tree level NAG constraints, masses and couplings
relations. In principle, the change in the quantization rules is needed around
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certain energy scale and we have to assume that just below such a scale, the
standard quantization method makes a good approximation.
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