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Abstract: In this paper we present some new inequalities relative to
integer and functional parts.

Theorem 1. If x>0, then — 0 W 52 where [] and {}

3x+{x} 3x+[x] 15°
denote the integer part, and respectively the fractional part.

: . b
Proof. In inequality a + + ¢ 2%, we take

a+2b+2c 2a+b+2c 2a+2b+c

a=x, b=[x], c={x}.

Theorem 2. If a, b, ¢, x>0, then

a b c 3
+ + >=,
[x]b+ {x}c [x]lc+{x}a [x]Ja+{x}b «x

. ) a b c
Proof. In inequality + + >
ub+ve uc+va wua+vb u+v

\%

, we take u =[x] and

v={x}.

Theorem 3. If x>0 and a>1, then
[x] N [x] < 2a+1

(a+D[x]+2{x} (@+D{x}+2[x] (a+D(a+2) '

Proof. In inequality S A— <

ax+y+z x+ay+z x+y+az a+?2

A

, we take

y=[x] and z={x}.

Theorem 4. If x>0, then



( 1 1 ] ( 1 1 j
[X] + +{x} - <1.
X[X]+x+1 [X]{x}+[x]+1 X[X]+x+1 x{GF+{x}+1

Proof. In inequality G A <1, we take y=|[x]

xy+x+1 yz+y+1 z=+z+1

and z={x}.

Theorem 5. If x>0, then

x N x[x]? N x{x}? >§
(1Ll + 3]} + {x}?) (b ([P +[xd{x} + (x)7) [P + 30x]{x} + 3{x)* 2
x 3
Proof. In inequality Z > ~2 , we take y=[x] and
y(x +xy+y) X+y+z

z={x}.
Theorem 6. If x>0, ! + ! zl.
[x]+2{x} 2[x]+{x} «x
Proof. In inequality Zab+bc >a+b+c,wetake a=x, b=[x], c={x}.
+c
Theorem 7. If x>0,
[T . (x)’ __ xBur-?)
[P +[xM{x} + {x} 3{x) +30xl{x} +[xF 30T + 3[xl{x} + {x})
3

Proof. In inequality Y. a >a+b+c, we take a=x, b=[x],

a+ab+b> 3
c={x}.

Theorem 8. If x>0, then
1 1

2[x] +4[x {x} + 4[x]{x}? + {x}’ P + [T () + [x]{x)” + {x) ’
¥ ! < :
[x]’ +4[x] {x} + 4[x]{x}* +2{x}’  x[x]{x}

Proof. In inequality D — b} <
a +b +aoc aoc

,wetake a=x, b=[x], ¢c={x}.

F {x)?)

+ J > [x]° +[x]{x} + {x}>.

{x} [x]

. . 1
Proof. In inequality Y —(-a+b+c) >a’ +b> +c*, we take a=x, b=[x],
a

Theorem 9. If x>1, then 4{

c={x}.



Theorem 10. If x>0, then

4

- _+ f([x] + ') _ Zé(xZJr[x]{x})
[x]" —[xl{x}+{x}" [x]I"+[xH{x}+{x}" 2
a’ 32

b* — bc+c2 B Za

Proof. In inequality > , we take a=x, b=[x],

c={x}.

[x1{x} ([x]— {x}) -1
x(x + [x])(x + {x})

Theorem 11. If x>0, then

Proof. In inequality ‘Za_z
a+

<1 wetake a=x, b=[x], ¢c={x}.

Theorem 12. Ifx>0,then\/ L] + {x} >1.

x+{x} x+[x]

Proof. In inequality Y 1 52 wetake y=[x], z={x].
y+z

Theorem 13. If x>1, then 3+ {x} \/(“[x D(x+ {x})
[x] {x} [x]{x}

Proof. In inequality (Z Iz j>3 ‘/H( J we take

a=x, b=[x], c={x}.

4

Theorem 14. If x>0, then (\/E+ ‘/[x]{x} +ﬁ/{x}} > 32[x]{x} .
X

Proof. In inequality Y \[xy >2 {/xyz> x, we take y=|[x], z={x}.

Theorem 15. If x>0, then (x* + [x]{x} ) > 6x*[x]{x} .

Proof. In inequality (ny)Z > 3xysz, we take y=[x], z={x}.

Theorem 16. If x>0, then
X0 = xJ[x]{x} +[x]{x} > ([x]\/{x} + {x}ﬁ)\/;.

Proof. In inequality ny > Zx \/E we take y=[x], z={x}.

Theorem 17. If x>0, then [x](x+ {x})+y/{x} (r+[x]) < (2v2 = 1)x.



Proof. In inequality > \x(y+z)<+2> x , we take y=[x], z={x}.

[x] {x}

Theorem 18. If x>0, then + 21.
x+{x} x+[x] 2

Proof. In inequality Zbizg, we take a=x, b=[x], c={x}.
+c

Theorem 19. If x>0, then (x+[x])’ +(x+ {x})’ > 21x[x]{x} +[x]* + {x}°.
Proof. In inequality Z(x+y) >21xyz+ ) x°, we take y=[x], z={x}.

Theorem 20. If x> 1, then \/ ] +\/x+{x} s\/[x] +\/{x} .
x+{x} x+[x] {x} [x]

Proof. In inequality \/x+y +\/XJrZ £y+z,we take y=[x], z={x}.

X+ 2z x+y «lyz
X X 5
Theorem 21. If x>0, then + >— .
x+[x] x+{x} 2

Proof. In inequality 22 we take y=[x], z={x}.

X+y Zx

{}( ] (x1) PREoS 1)
Theorem 22. If x>1, then ]+ = L{x}J = _Lx {x}J[x]'

Proof. In inequality Zx—z > zf, we take y=[x], z={x}.
y z
Theorem 23.If x>0, then
DX - X0+ 00 = max I3 (04 - 00 109

Proof. In inequality »_ x* —nyz%max{(x—y)z;(y—z)2 ;(z—x)z}, we take

y=I[x], z={x}.

Theorem 24. If x>0, then e™ +e >24x.
Proof. In inequality ¢’ +e*>2+ y+z, we take y=[x], z={x}.

Theorem 25. If x eR, then |sin[x]| +|sin{x}|+|cosx| > 1.
Proof. In inequality |sina|+ |sind| +|cos(a +b)|>1 we take a=x, b= {x}.



Theorem 26. If x>0, then (3[x]* +3[XI{x}+{xF )- ([T + X +{xF )

(340 + 30} ]+ [P )2 (& + [x1{x} ) -
Proof. In inequality
(a2 + ab+b2)- (b2 +bc + cz)- (c2 +ca+ a2)2 (ab+bc+ ca)3 , we take

a=x, b=[x], c={x}.

Theorem 27. If x>0, then

[X] N {3 S u
(30x1+203) ([x1+2{x}) (303 +2[x]) ({x}+ 2[x]) 48x
Proof. In inequality (ZX)Z(2x+y+Xz)(y+z)2§’ we take

=[x], z={x}.

[x] . {x}? 2x(2x2+3[x]{x}).
x+[x] x+{x} (x+[x])(x+{x})

2
X

Proof. In inequality Z(+)—(+)2% we take y=[x], z={x}.
x+yNx+z

Theorem 28. If x>0, then

Theorem 29. If x> 1, then
\/1+2{X} \/1 Ay 2\/ Lx] +\/ £3 \.
[x] {x} L x+ {x} x+[X]J

Proof. In inequality ) rre <2y —— we take y=[x], z={x}.
X y+z

Theorem 30. If x>1, thenm _>1+2k Lx] + L) \.
[x]  {x} x+{x} x+[x]
Proof. In inequality YT Z>4Z— we take y=[x], z={x}.
y+z

Theorem 31. If x>0, then

1. min{( 2+ 1)x -+ i 2+1)f+,/x+[x]} 5([x]+ 203)
2). (\/§+1)\/§+«/x+{x}z,/5({x}+ 2[x]) .

Proof. In Ya+b+c+b+c+c>Ja+4b+9c, we take a=x, b=[x],
c={x}, etc.




Theorem 32. If x eR, then
1). |sinx| <|sin[x]| + sin{x}|
2). |cosx| <|cos[x]| +|cos{x}|
Proof. In inequalities |sin(a +b) <|sina| +|sind| and

|cos(a +b) <|cosa| +|cosb|, we take a=x, b=]x].

Theorem 33. If x> 1, then 6+— —] \/7 / /{x
[x] {x} [x]

Proof. In inequality 3(Zale]2(2§/%j’ we take a=x, b=|[x],
a

c={x}.

Theorem 34. If x>0, then Lx] + tx} >i

(x+ {x})2 (x—i-[x])2 " 8x

we take a=x, b=[x], ¢={x}.

Proof. In inequality ) 2 a

S 9
(o) 4%a

Theorem 35. If x>0, then
xlx] G+ {x)) 61+ 5(x)
(x+ {x})(2x+[x] ) (x+0xDQx+{x}) 12x

Proof. In inequality Z(b+ca)(((;;rf)b+c)_§' we take a=x, b=[x],
c={x}.

Theorem 36. If x>0, then

[x] N {x} 3[X]+4[X]{x}+3{x}

2x+ {x} 2x+[x] 6x
Proof. In inequality Zﬁ lZa,we take a=x, b=[x], c={x}.
5 2 5 2 8x’
Theorem 37. If x>0, then ([XI° —[xI’ +3)({xF —{F +3) 2 ——.
X —X"+3
Proof. In inequality [T(a*-a*+3)=(> a)3, we take

a=x, b=[x], c={x}.

(2x + [x])2 N (2x + {x})2

Th 38.1f x>0, th =>
eorem x> en AP +(x+ {x})  2{x)*+(x+[x])




2a+b+c)

Proof. In inequality ZZa +(b+c)2 <8,wetake a=x, b=[x], c={x}.

Theorem 39. If x>0, then
1). (x+\/x[x] +€/x[x]{x})3 <9x* (x+[x])

2). ([X1+ D103 + %/x[x]{x})s <9x*[x]
3). (£0+ X003 + IXII0T) <9 (x+{x}).

3
Proof. In inequality ar ab2+\/abx£§/a(a;bj(a+lg+cj’ we take

b=[x], c={x}, etc.

Theorem 40. If x>0, then 7(x+[x])4 +7(x+ {x})4 > 3x* +4([x]4 + {x}4).

Proof. In inequality > (a+b)' 2;25‘ , we take a=x, b=[x], c={x}.

{x}? [x] 3

Theorem 41. If x>0, then + >—,
(x+ {x})2 x] (x+ [x])2 +{x}* 20
Proof. In inequality ZM —,wetake a=x, b=[x], c={x}.
(b+c) +a> 5’

Theorem 42. If x>0, then \/ 2x +\/2[x] +\/ 2{x}
x+[x]

X x+{x}

Proof. In inequality Z

<3 we take a=x, b=[x], c={x}.

1 5x° —4[x]{x)
Th 43. If 0, th > .
eorem =0, en (x+[x]) +(x+{x})2+{x}2 4x (x* +[x]{x})
( 1) 9
Proof. In inequalit ——— | >—,wetake y=[x], z={x}.
quality (nylZ(Hy)zJ T y=[xl, 2
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