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Abstract

Using Jiang function J,(@) we prove gaps among products of m prime:
d(x)=d(x+1)=d(x+5-3)=d(x+7-3)=---=d(Xx+P,-3)=m>1 infinitely-often,
where P, denotes the n— th prime.
Theorem 1. Let P, =5, gaps among products of two primes

d(x)=d(x+1) =d(x+2) =2 infinitely-often. (D

where d(X) represents the number of distinct prime factors of x, d(X) = PZ‘l, d(3) =1,

d(15) =2, d(105) = 3.
Proof (see[1] p.146 theorem 3.1.154). Prime equations are
B, =10a+1, p,=15a+2, pB,=6a+1 (2)

We have Jiang function

J,(@)=311(P-4) %0, (3)

where w=1I1P
2<P

We prove that J, (@) # O there exist infinitely many odd integers « such that S, S, and

B, are primes.
We have asymptotic formula

(o <N:10a+1,15a+2, 6a+1}\>‘]2f“’)"’ '\"1 , 4
¢ (w) log" N
where ¢(a))=2HP(P—1).
From (2) we have
38, =30a +3,
3B,+1=30a +4=2(15a+2) =24, (5)

3B,+2=30c+5=5(6a +1) =54,

From (5) we prove



d@p)=d@BA +1) =d(34,+2) =2 infinitely-often. (6)
We prove that there exist infinitely many triples of consecutive integers, each being the products
of two distinct primes.

Theorem 2. Let P, =5, gaps among products of m primes.

d(x)=d(x+1) =d(x+2)=m>1 infinitely-often (7

Proof (see [1] p.148, theorem 3.1.158). Suppose that U, U+1 and U+ 2 are three consecutive
integers, each being the products of m—1 distinct primes. Let M =u(u+1)(u+2). We

define the three prime equations

2M 2M 2M
+1, =——a+1], =——a+l (8
B = q B, 10‘ Bs +2a

Using Jiang function J, (@) we can prove that there exist infinitely many integers o such that

B, B, and f, are primes.
From (8) we have

ug,=2Ma+u

ug,+1=2Ma+u+1=(u +1)(2—M1a+1j: u+1p,
u+

u,81+2=2Moz+u+2:(u+2)(2—M205+1j:(u+2),83 (9
u+

We prove

d(x) =d(x+1) =d(x+2)=m>1 infinitely-often. (10)
Theorem 3. Let P, =7, gaps among products of two primes.

d(x) =d(x+2)=d(x+4) =2 infinitely-often. (1D
Proof [1,2,3]. Prime equations are

B =T0a+1, B,=42a+1, pB,=30a+1 (12)

Using Jiang function J,(@) [1] we can prove that there exist infinitely many integers « such

that B, B, and f, are primes.
Frome (12) we have

3, =210c +3,
30,+2=210a +5=5(42c +1) =55,

3B,+4=210a+7=730a+1) =75, (13)

We prove



d(B3p)=d(Bp, +2)=d(35,+4) =2 infinitely-often. (14)
Theorem 4. Let P, =7, gaps among products of m primes.

d(x) =d(x+2)=d(x+4)=m>1 infinitely-often. (15)

Proof [1, 2, 3]. Suppose that U,Uu+2 and U-+4 are three odd integers, each being the

products of m—1 distinct primes. Let M =u(u+ 2)(u +4)
We define three prime equations

p=Moit p=Moi1 p-M o (16)
u u+2 u+4

Using Jiang function J,(@) [1] we can prove that there exist infinitely many integers « such

that B, B, and [, are primes.
From (16) we have

ug,=2Ma+u,

u@+2=2Ma+u+2=w+2%?&%a+@:4u+aﬂp
u+

u@+4:2Ma+u+4:w+4{5¥%a+Dj=w+4ﬂg 1n
We prove
d(x) =d(x+2)=d(x+4)=m>1 infinitely-often. (18)
Theorem 5. Let P, =7, gaps among products of m primes.
d(x)=d(x+1) =d(x+2)=d(x+4) =m>1 infinitely-often. (19
Proof. From (12) we have prime equations
B =10a+1, p,=105a+2, B,=42a+1, [,=30a+1 (20)

Using Jiang function J,(@) [1] we can prove there exist infinitely many odd integers « such
that B, B, B, and [, areprimes
From (20) we have

36, =210c +3

36, +1=210c +4 = 2(105c + 2) = 2,

30,+2=210a +5=5(42a +1) =54,

3, +4=210a+7=7(30a+1)=7p,. 2D
We prove
d@p)=d@BA +1) =d(Bp, +2)=d(36,+4) =2 infinitely-often. (22)
Using Jiang function we can prove that
d(x)=d(x+1) =d(x+2)=d(x+4)=m>1 infinitely-often. (23)
Theorem 6. Gaps among products of m primes.
d(x)=d(x+1)=d(x+5-3)=d(x+7-3)=---=d(X+ P, —=3)=m>1 infintely-often.
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(24)

where P, denotes the n— th prime.

Proof. Let w, = , IP'IP P . We define the prime equations
<P<P,

a)n a)n a)n a)n a)n
ﬂl=?a+l, ﬂ2=7a+2, 183:?0{4'1, ,54:7a+1,--~, ﬁ =Fa+1(25)

n
n

Using Jiang function J, (@) [1] we can prove that there exist infinitely many odd integers «

suchthat f,, f,,---, B, areprimes.
From (25) we have

3P, =w,a+3,

[0}
3/ +1=ward=2ATa+2)=2p,
3ﬂ1+2=a)na+5=5(%a+1)=5ﬂ3,

3ﬂ1+4=a;na+7=7(%a+1)=7ﬁ4,
3ﬂ1+Pn—3=a)na+Pn=Pn(%a+1)=Pnﬂn. (26)

From (26) we have
d@A)=d@BA +1)=d@p, +2)=d(Bp,+4)=---=d (B, +P,-3)=2 infinitely-often.

(27)
Using Jiang function J, (@) [1] we can prove that
d(x)=d(x+1)=d(x+5-3)=d(x+7-3)=---=d(Xx+P,-3)=m>1 infinitely-often.
(28)
Theorem 7. Gaps between products of two primes.
d(x) =d(x+3) =2 infinitely-often (29)
Proof. We define prime equations
B, =30 +1, B, =12a+1. (30)

Using Jiang function we can prove that there exist infinitely many integers « such that £,
and S, are primes.
From (30) we have

25, =60 +2,
20, +3=60a +5=5(12a+1) =55,

(31

From (31) we prove
d(24,)=d(24,+3) =2 infinitely-often. (32)

Theorem 8. Gaps between products of m primes.



d(x)=d(x+3)=m>1 infinitely-often (33)
Proof. Suppose that U and U+ 3 are two integers, each being the products of m—1 distinct

primes.
Let M =6u(u-+3).We define prime equations
M M
p=—a+l p,= ~a+l (34)
u u+3

Using Jiang function we can prove that there exist infinitely many integers « such that £,
and S, are primes.

From (34) we have

ug =Ma+u,
M (35)
ug, +3=Ma+u+3= (u+3)(—a+1j =U+3)p,
u+3
From (35) we prove
d(x) =d(x+3)=m>1 infinitely-often. (36)
Theorem 9. Gaps between products of two primes.
d(x) =d(x+6)=2 infinitely-often (37)
Proof. We define prime equations
B, =66a+1, B, =30 +1. (38)

Using Jiang function we can prove that there exist infinitely many integers « such that £,
and S, are primes.

From (38) we have

5/, =330 +5,

(39
56,+6 =330 +11=11(30c +1) =115,
From (39) we prove
d(54,) =d(54,+6)=2 infinitely-often. (40)
Theorem 10. Gaps between products of m primes.
d(x)=d(x+6)=m>1 infinitely-often (41

Proof. Suppose that U and U+ 6 are two integers, each being the products of m—1 distinct
primes. Let M =30u(u +6) . We define prime equations

p=Mai1 g=-M g1 42
u u+6

Using Jiang function we can prove that there exist infinitely many integers « such that £,
and S, are primes.
From (42) we have

ug, =Ma+u,

M (43)
uﬂl+6:Ma+u+6:(u+6)[—605+1):(u+6)ﬁ2
u-+



From (43) we prove

d(x)=d(x+6)=m>1 infinitely-often. (44)
Theorem 11. Gaps between products of two primes.
d(x) =d(x+5040) =2 infinitely-often (45)
Proof. Suppose M =2x3x11x5051. We define prime equations
M M
=—a+], =——a+1l. (46)
A=y P2 = 5081

Using Jiang function we can prove that there exist infinitely many integers o such that £
and S, are primes.
From (46) we have

118 =Ma +11,
M 47
115 +5040 = M o + 5051 = 5051(—a +1] =50515,
5051
From (47) we prove that
d(x) =d(x+5040) = 2 infinitely-often. (48)
Using Jiang function we can prove that
d(x) =d(x+5040) =m >1 infinitely-often (49)
Theorem 12. Gaps between products of two primes.
We study general solutions of
d(x) =d(x£5040) = 2 infinitely-often (50)
Proof. We define a prime equation
P, =P +£5040. (5D

Using Jiang function J,(@) we can prove that there exist infinitely many prime P, such that
P, isaprime.
From (51) suppose M =2x3x P, x P,.We define prime equations

ﬂl=%a+l, ﬂ2=%a+l (52)

1 2

Using Jiang function J, (@) we can prove that there exist infinitely many integers « such that
B, and S, are primes.

From (52) we have

PA =Ma+h,
M (53)
PA £5040=Ma+P +5040=Ma +P, = P2(€a+1j: P,5,.
We prove that
d(x) =d(x£5040) = 2 infinitely-often. (54)
Theorem 13. Gaps between products of two primes.
d(x) =d(x+5) =2 infinitely-often (55)



Using 2x43+5=7x13 we define prime equations,
B, =3%+4, p,=6a+1l
From (56) we have

2, =78a +8,

2, +5="78a +13=13(6c +1) =134,.

We redefine prime equations
p=42a+1l, p,=12a+1

From (58) we have

2 =84a+2,
20, +5=84a+7=712a+1) =7p,.
Theorem 14. Gaps between products of two primes.
d(x)=d(x+7)=2 infinitely-often
Using 2x29+7 =5x13 we define prime equations,
B, =30c-1 p,=12a+1
From (61) we have
23 =60a -2,
20, +7=60a+5=512ca +1) =5p,.
We redefine prime equations

B =26a+3, pf,=4a+1

From (63) we have

23, =52a +6,

20, +7=52a+13=13(4a +1) =13p,.

Theorem 15. Gaps between products of two primes.
d(x) =d(x+9) =2 infinitely-often
Using 2x13+9=5x7 we define prime equations,
B =15a-2, p,=6a+1
From (66) we have
23 =30a -4,
2, +9=30a+5=5(6c +1) =5p4,.
We redefine prime equations

B =482a-1, fB,=12a+1

From (68) we have
2P =84a -2,
23, +9=84a+7=7T(12a+1) =7p,.
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(56)
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(60)

(61)
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(63)

(64)

(65)

(66)

(67)
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Theorem 16. Gaps between products of two primes.

d(x—11) =d(x) =2 infinitely-often (70>
Using 2x23-11=5x7 we define prime equations,
B.=20a+3, p,=8a-1 (71

From (71) we have

23, = 40a +6,

(72>
2p -11=40a -5=5(8a -1) =54,.
We redefine prime equations
B =21la+2, p,=6a-1 (73)
From (73) we have
20, =42a +4,
p=d2a (74)
20, -11=42a-7=7(6a-1) =7p,.
Goldston et. al proved only
d(x) = d(x +n < 6) = 2infinitely-often [4-5]. (75)
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5 B &) R+ H A K IEER T X X+ n <6 PN AR Z A X {115 X fI X< 6
PUAS BRSPS R B SR [4] . #ln x=14=2x7 , X+1=15=3x5,---,

X=86=2x43, X+6=91=7x13 Xy W HE PRy mK, 22930 5w
K o AATIFFBEATUF B IXAN 0], e bR AR RS AR — T % . BRI E BI[4] LS,
AMVRIX A RAKCEREIR b2, Pog BT, fEENAMNIUK . $HHIE 2002 FF45 51 [1]. e
3 x=93=3x31, X+1=94=2x47, x+2=95=5x19, HLREZA x {5
X, X+1, X+2 = AN H AN BB LEMW AN ZFHMPF. N =/ d,
x=1727913=3x11x52361 , X+1=1727914 = 2x17x50821 ,



X+2=1727915=5x7x49369, A LM ZA x 13 NEH L m A Hoisfe. 2B
7N Xs X+1, X+2, X+4,---, X+P =3 n M A LR EA X AF AR EETE m

NEHUHT, EXFERURAE A B AG, XRREHM DR, Kok —
SERA) ZHIN T o SRR KRN B H OB, AE P O A B K L R
7, P EAFKNFEARE . B A ARG TR E 2 AU 222, iRES AL R AR
441 2009 4F 12 H PR b 5 AL G287 B PEUE e, b E A R
MR o IXFE SRR I REAE P A A7 A, At FUT A [ KA SR AR IR !
It was therefore a great surprise for Erdos (and pobably for other number theorists as well)
when C.Spiro proved in 1981 that d(x)=d(x + 5040) infinitely-often. It is theorem 11.There
cannot modern prime theory without Jiang function.



