About Factorial Sums
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Abstract. In this paper, we present some new inequalities for factorial sum.

Application 1.We have the following inequality
Zk'< 2((n+hH=-1)

n+1

Proof. If x., y, >0 (k=1,2,...,n), have the same monotonity, then
[ Zxkj( Zyk] Zxkyk (1)
nNo nic
the Chebishev’s inequality.

If X, Y, have different monotonity, then holds true the reverse inequality, we take

X =k, y, =k! (k=1,2,..,n)and use that D k-k! = (n+1)! —1.
k=1

Application 2. We have the following inequality
Zk'< 3(n+1)(n+1)'
n*+3n+5
Proof. In (1) we take
X, =k>+k+1;
y, =k! (k=1,2,...,n)
and the identity

Zn:(k2+k+1)k!=(n+l)(n+1)!

Application 3. We have the following inequality
Z“:i S n*(n+1)
k! 2((n+1)-1)
Proof. Using the Application 1, we take
1
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-1 n*(n+1)
zk' Z”:k!ZZ((nH)!—l)

k=1

k=1

Application 4. We have the following inequality
SN n*(n*+3n+5)
=k! 3(n+D(n+1)!
Proof. Using the Application 2, we take
n 2 2 2
lz n S n“(n”~+3n+5)
o k! Z”:k! 3(n+1)(n+1)!

k=1

Application 5. We have the following inequality:

$1a02-)

o k! n n!
Proof. In (1) we take x, =Kk, Y, :ﬁ, (k=1,2,...,n) and we obtain
0 Z”: k 1 1
1(k+1)' = (k+1)! (n+1)!
therefore
0 1 2 1
S [ (-
= (k+D!) n+l (n+1)!
or
120
~k! n n!
therefore

Application 6. We have the following inequality:

] 2 1
(kZ::‘(kJrZ)zk!]Z n+5(1_(n+2)J
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Proof. In (1) we take Xk =k +2, yk:m, (k = 1, 2,..., n)
therefore
1 s 1 0 1 1
— k+2 > =1-
n[kz‘( )jkzl (k+2)2k! kzzz‘(k+2)2k! (n+2)!
therefore



n 2 1
;(ku) 21~ n+5(1_(n+2)!j

Application 7.We have the following inequality:
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> - -
kzz;‘k(k+l)(k+2)! 2n2+9n+1[2 (n+1)(n+2)!j
Proof. In (1) we take
1

X, =k*+2k+2, y, = ,(k=1,2,..,n
“ Ye k(k +1)(k +2)! ( )
then
n 2
—Z(k2+2k+2)2 Z k®+2k +2 _
k(k+1)(k+2)' S k(k+D(k+2)!
Z 1 1
k(k+1)' (k+D)(k+2)! 2 (n+1)(n+2)!
Application 8. We have the following inequality:
Z”: 1 > n
~4k*+1 2n*+2n+1
Proof. In (1) we take x, =4k, y, = k“l ,(k=12,...,n),
therefore

1 g N4k Q@ | 2n(n+1)
21 S gk -
n(kz_:‘ j(;4k4+lj =~ 4k* +1 Z(2k2 2k +1 2k2+2k+1] 2n* +2n+1

Application 9. We have the following inequality:

n] 3n
Z4k“—1Z

a 2n+1y
Proof. In (1) we take x, = k>, yk:—4k21 ,(k=1,2,...,n) then
1< 3 4 n(n+1)
23k _ ’
n[kz_l: J(; 4k* — ] ;41(2 2(2n+1)
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