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Abstract

Novel static, time-dependent and spatial-temporal solutions of Einstein field
equations, displaying singularities, with and without horizons, and in several di-
mensions are found based on a dimensional reduction procedure widely used in
Kaluza-Klein type theories. The Kerr-Newman black-hole entropy as well as the
Reissner-Nordstrom, Kerr and Schwarzschild black-hole entropy are derived from
the corresponding Euclideanized actions. A very special cosmological model based
on the dynamical interior geometry of a Black Hole is found that has no singular-
ities at t = 0 due to the smoothing of the mass distribution. We conclude with
another cosmological model equipped also with a dynamical horizon and which is
related to Vaidya’s metric (associated with the Hawking-radiation of black holes)
by interchanging ¢ < r which might render our universe as a dynamical black hole.

1 Introduction

The static spherically symmetric solutions to Einstein’s field (vacuum) equations have
been known for a long time and were found by Schwarzschild, Hilbert and which furnished
the modern concept of a black-hole. The formation of trapped surfaces in spherically
symmetric gravitational collapse leading to black holes can be viewed in terms of how
much mass is there within a given area-radius of the matter cloud. In order to avoid
trapped surface formation (a horizon) there must be a mechanism available to throw
away and radiate the mass so that the total mass in a shell of comoving radius r, at an
epoch t, does not exceed the size of the physical area radius determining the size of the



apparent horizon, at any given time ¢t. It was found by [5] that the physical mechanism
for the formation of a naked singularity was due to the presence of shear which delays
the formation of the apparent horizon. It was also found by [6] that loss of matter due to
heat flux prevents the trapped surface formation and a naked singularity is formed at the
end state of the gravitational collapse. The latter authors considered a scenario where the
interior spacetime, described by a heat conducting fluid sphere, is matched to a Vaidya
metric in higher dimensions. The non-occurrence of a horizon is due to the fact that the
rate of mass loss is exactly counterbalanced by the decrease of the boundary area-radius.
These results posed a counter example to the so-called cosmic censorship hypothesis [44]
that still remains a mathematically unproven conjecture to our knowledge.

In this work we shall construct static, time-dependent and spatial-temporal solutions,
with /without horizons and displaying singularities, based on the dimensional reduction
procedure widely used in Kaluza-Klein type theories. Motivated by the above observa-
tions, we firstly review the work of of [1], [2], [3],[4] where it was shown why Gravity in
D = d+n dimensions can be interpreted as a d-dim Yang-Mills-like gauge theory of diffeo-
morphisms of an internal n-dim space interacting with a gauged non-linear sigma model
field. We explain how the "vacuum” solutions A, = 0 yield the same functional form of
the Schwarzschild metric in the advanced and retarded temporal Eddington-Finkelstein
coordinates form, and which in turn, lead to the Fronsdal-Kruskal-Szekeres expression of
the metric in the region r < 2GM.

In the next sections 3, 4, 5, 6 we find static, time-dependent and spatial-temporal
vacuum solutions, simplifying enormously the earlier calculations by [1], [2], [3], [4] when
the metric can be written in block diagonal form resulting from setting the gauge field of
diffeomorphisms A, = 0. In section 3 we study the decomposition of the Einstein-Hilbert
action in D = d + (D — d) dimensions, with d = p 4+ ¢ and n = D — d followed by
section 4 where we employ the methods of section 3 in the particular case when d = 1+ 1
and show that our results agree with the 1 + 1 dilaton-gravity action reported in the
literature. Vacuum solutions to Einstein’s field equations in spacetimes with signature
(+,+, —, —) which are the hyperbolic version of Schwarzschild’s solution containing a
conical singularity at r = 0 were found by [8]. In section 5 we solve the vacuum field
equations in a very straight forward fashion compared to the standard methods in the
literature leading directly to the most general version of the Schwarzschild solution in
any dimension. In particular, we review the derivation [20], [21] of the Black-Hole area-
entropy relation starting from the Euclidean gravitational action associated with a point-
mass delta function source and provide the action-entropy relations in the case of the
Reissner-Nordstrom and Kerr-Newman solutions.

In section 6 novel spatial-temporal vacuum solutions to Einstein’s field equations are
found and their physical interpretation is discussed. It is shown that horizonless solutions
occur when ¢, > 0, t =7 > 0 or when ¢, < 0, t £r < 0, where ¢, is an integration
constant of length dimensions. The singularity at ¢ = r = 0 is timelike and is visible
to an observer. The existence of horizons occurs when ¢, > 0, t £ r < 0 or when
Yo < 0, t =7 > 0. The singularity at t =r = 0 is spacelike and would be hidden behind
the horizons at t £ r = —¢, for observers in the regions |t & r| > |p,|. In particular,
we also recover the Kantowski-Sachs metric which is the ¢-relative of the Schwarzschild



solution and find a 4D metric inspired from the Janus geometry in 3D.

In the final section 7 a very peculiar cosmological model based on the dynamical
interior geometry of a Black Hole is found and that has no singularities at ¢t = 0 due to
the smoothing of the mass distribution. We conclude with another cosmological model
equipped also with a dynamical horizon and which is related to the Vaidya’s metric
(associated with the Hawking-radiation of black holes) by interchanging ¢ «» r which
might render our universe as a dynamical black hole [43]. The physical implications of
our novel cosmological solutions in section 7 that are well behaved at ¢t = 0 deserve
further investigation.

2  Gravity as Gauge Theory of the Diffeomorphism
Group

Some time ago, it was shown by [1], [2], [3], [4] that a Kaluza-Klein formalism of Einstein’s
theory, based on the (2, 2)-fibration of a generic 4-dimensional spacetime, describes Gen-
eral Relativity as a Yang-Mills gauge theory on the 2-dimensional base manifold, where
the local gauge symmetry is the group of the diffeomorphisms of the 2-dimensional fibre
manifold. They found the Schwarzschild solution by solving the field equations after a
very laborious procedure. Their formalism was valid for any (d,n) fibration of the the
D-dim spacetime D = d + n and allowed [11], [12] to provide a new realization of the
Maldacena-Susskind-"t Hooft holographic principle.
The line element of [1], [2], [3], [4]

ds* = ga dy® dy® + (G + Gab A, Ab) da* dz” + 2ga AZ dz" dy®. (2.1)

in light cone coordinates

1 1
u = —(t+r), v = —7(CF—1). 2.2
75 1+ f< ) 2:2)

1
Al = — (A? AY), Al = — (A} — AT 2.3
L= Ay 5 - ) 2.3
after using the Polyakov ansatz :
—2ht

w= (200 ), 2.0

becomes

ds®* = gap dy® dy® —2du dv — 2h(u) du® +
gap (A%du + Abdv) (Abdu + APdv) + 2ga (A%du + Aldv) dy”. (2.5)

Upon setting gu, = €7 pap such that det p,, = 1 and after a very laborious calculation
Yoon [2] arrived finally at the expression for the scalar curvature in light-cone coordinates
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1

R = — 3 e* pap Ft_ F_l;_ + e Ry + e Dyo D o —
1 1 ab ¢
5 ¢ P P (Dipa) (D-pea) + 5 € p" p* (Dipac) (D-poa) +
1 1
2hiy € [ D20 +5(D-0)” + 7 p™ p* (D—pac) (D—pra) ] (2.6)

plus surface terms. The Lie-bracket is
[ AM » Yab ] = (aa Ai(xuaya» gbc(xuaya) + (ab A;(‘%H?ya)) gac(xu’ya) +
AZ(Q?“, ya> ac gab(mua ya)' (27)
the Yang-Mills-like field strength is
F, = 0,4, —0,A, — [A,A]" =
O, A, — 0,47, — AL0A) + AJOA. (2.8)
The covariant derivative of a tensor density p,, with weight 1 is
D,u Pab = 8u Pab — [ Ap, y P ]ab + (acAZ) Pab =
au Pab — Azac Pab — (aaAZ) Pcb — (abAZ) Pac + (8014;) Pab- (29)
the covariant derivative on the scalar density () = e? of weight —1 is
D, = 0,0 — AN0.0 — (0.A,)Q = . (2.10)
Dyo = 0,0 — A%0,0 — (0.A7). (2.11)

after factoring the e” terms.
The authors [1] were able to solve the equations of motion associated with the Einstein-
Hilbert action

S = / du dv d?y R. (2.12)

by varying the Einstein-Hilbert action be fore imposing the gauge fixing conditions (2.4)
and det p,, = 1 giving a total of 10 equations for the 10 fields o, hy, h__, A%, A%, pu
with a,b = 1,2. These 10 fields match the same number of idependent components of the
metric g, in 4D. After a very laborious procedure the authors found solutions for the
"vacuum” field configurations A9 = 0, A* = 0 given by

2GM
ds* = 2dudv — (1 — G—) dv? +u? d2. (2.13)
u
2GM
ds* = —2dudv —(1— i) du® +v* dQ2. (2.14)
v

which have the same functional form as the Schwarzschild solution in the retarded and
advanced temporal Eddington-Finkelstein coordinates, u =t —r,,v =t + 7,
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2GM
ds* = 2dr dv — (1 — G—) dv? +r? dO2. (2.15)
T

2GM

r

ds* = —2dudr —(1— ) du® +r? dQ2. (2.16)

with the subtle technicality that r, appearing in the definitions u =t —r,,v =t +r, in
eqs-(2.15, 2.16) is the tortoise radial coordinate r.(r) given by

r

dr
T . = —1). 1
/dr /1—2GM/T:’T r+2GM In | o — 1 (2.17)

It is well known [7] that one can introduce afterwards the Fronsdal-Kruskal-Szekeres
coordinates [16], [17], [18] in terms of the Eddington-Finkelstein coordinates after the
series of steps

u=t—r,, v==t+r, W = —e’“/‘lGM, 7 = eV/iGM
WZzZ (4G M)?
AW dZ = — ——— dud dudv = — dW dZ 2.18
@Gy M T aea W7 (2.18a)

such that the metric in the form eq-(2.15, 2.16) can be rewritten in double null coordinates
u,v as

2GM 2GM
ds* = —(1— ; ) dudv 472 dQ? = — ; 0 W/AGM o =r2GM gy dy 412 A2 =
3
_ AQCMYT oot gy gz + 72 dO2. (2.18b)
.

By defining W =V 4+ U and Z =V — U the Fronsdal-Kruskal-Szekeres expression for the
metric is then given by

42GM)?
ds? = — W e TWUWVIRGM (a2 qu? ) + r2(U,V) (dQ)% (2.18¢)

with dQ? = d¢? + sin’¢ df* and where r = r(U, V) is a function of the two coordinates
U,V which is implicitly given by the relations

_ T aN1/2 _r/AGM ) _ T N1/2 _rjAGM
U <QGM 1)< e cosh (t/AGM); V (QGM 1)< e sinh (t/AGM).
(2.19)
2 _y2_ (" r/2GM
U? = V2 = (g — 1) M, (2.20)

Therefore, the solution in the interior region » < 2GM is no longer static. At the horizon
r = 2G'M one has the null lines U = &V corresponding to t = 400 respectively. Notice
that one does not know the explicit analytical expression for r = (U, V). One only knows
the converse relations U = U(r,t) and V = V(r,1).



The metric (2.18¢) in the 7, coordinates is

4(2GM)3 efr/QGM

ds? = — [ (Vodr + Vi dt)? — (U, dr + U, dt)* ] + 7% (dQ)? =
T
4(2GM)3
— (T) e~TPEM [(Viodr)? + (Vi dt)? — (U, dr)* — (U, dt)* +(2V,V, —2V,V;) dr dt |
+ 7% (dQ)*. (2.21)
where the partial derivatives
ou ou ov ov

UT_Ea Ut_ E) er_ﬁa ‘/;5_ E (222)

are known from the defining relations of eq-(2.19). The metric acquires the form

3
ACCMY (orr260 [ A(r ) i + Blr,t) dr® + (o) drdt ] + 7 (d2)". (2:23)

A(rt) = (V) = (U B(rt) = (V,)* — (U,)°
C(r,t) = 2V,V, — 2U,U,. (2.24)

After straightforward algebra, due to the identity cosh?(x)—sinh?(x) = 1, one recovers
from the above eqs-(2.23, 2.24) the original Schwarzschild metric as expected

2G M dr?
N L —
R T il

T

ds* = — (1— + 72(dQ)2. (2.25)
The reason why there is no physical singularity at r = 2GM is because all the world
lines trajectories upon reaching the horizon r = 2GM at ¢t = oo have the property that
dr? = 0. Therefore, (1 —2GM/r)~* (dr)*> = § = undetermined at r = 2GM. There is
no singularity at r = 2GM in the Fronsdal-Kruskal-Szekeres expression for the metric
(2.18¢); the singularity is diverted into the Jacobian (it is singular at » = 2G' M) resulting
from the coordinate transformations from the (U, V') to the (r,t) variables, and for this
reason the singularity at r = 2G M is just a coordinate singularity. The true physical
singularity lies at r = 0.

To sum up, we have revised the work of [1], [2], [3], [4] and discussed how their
"vacuum” solutions Af = 0, A2 = 0 yield the same functional form of the Schwarzschild
solution in the advanced and retarded temporal Eddington-Finkelstein coordinates form,
and which in turn, leads to the Fronsdal-Kruskal-Szekeres expression of the metric in the
region r < 2G'M. In the next sections we shall find static and time-dependent vacuum
solutions directly by setting the terms Af = 0 in eq-(2.1) simplifying enormously the
earlier calculations by [1], [2], [3], [4] .



3 d=p-+q dimensions from D=d-+n dimensions

Let us now consider a D-dimensional manifold M, with associated metric v(z,y)
given by (2.1). We shall assume that y45 can be reduced to

= 9w O 3.1
= (% ), 3.1
where p,v = {0,1,2,d — 1}, a,b = {d,d+1,...,D —1}, g, only depends on z* and

Gab = 902(xu>gab7 with gab = gab(yc)‘
The non vanishing Christoffel symbols,

1
Ihe = §’YAD(’YDB,C +Ypc,B — VBC,D), (3.2)

are

ry, =

vao

Iy = =00 Gab,

(3.3)
The = €7 0.u05,
Iy, = T4,

where f’,ja and T¢, are the Christoffel symbols associated with 9w and ggp, respectively.
The nonvanishing components of the Riemann tensor are

Rﬁaﬁ = Rﬁaﬂ’
Rl = =Dy fab, (3.4)
Riy = Ry — "0 (0% Goa — 03Gbe)-

where D, is the covariant derivative w.r.t the connection f’lja associated with g¢,,. From
here, we get the nonvanishing components of the Ricci tensor

R,uu = R,uz/ - (D - d)SO_IDI/SO,,uv
(3.5)

Rab == Rab - @Dugplﬂgab - (D —d— 1)30/M(10,,u§ab-
So, we get that the Ricci scalar is
R=R—2D—d)¢ 'Dyp* + ¢ *R—(D—d)(D—d—1)p ¢ p,,  (3.6)
where R = g“”f?w and R = §° R,



Therefore, up to a total derivative we have
S = [dPx/=yR = Vp_q [ dz/=G{@P R+ k(D — d)(D — d — 1)pP =92

+(D —d)(D —d—1)pP~ 29k }.

(3.7)

Here,

Vi = / "~ [j. (3.8)

We also assume a homogeneous space for the metric §up, with R = k(D — d)(D —d — 1)
and k = {—1,1}. It is remarkable that the final result (3.7) does not depend either of the
signature p 4+ ¢ nor the signature d + n.

The field equations derived from (3.7) are

@D_d(ﬁg;w - %gw,]%) - (D - d)‘PD_d_lpmow
+39uw[(D —d) (D —d = 1)pP~ 20" ¢, + 2(D — d)pP 41Dy (3.9)

k(D —d)(D —d—1)pP 4% =0

and
PR 4+ k(D —d)(D —d —1)(D — d — 2)pP~4-3
—(D=d)(D—d—1)(D —d—2)p" %My, (3.10)

—2(D —d)(D —d - 1)pP~9*D,p'") = 0.
It is interesting that a considerable simplification of these field equations can be obtained

when D = d+1. In fact from (3.10) we see that when D = d+1 one obtains the intriguing
result R = 0.

Eliminating the factor ¢?~¢ we can simplify (3.9) in the form

R;u/ - %g;wR - (D - d)gp_lpugpw
+59uw|(D —d)(D —d—1)p20"p 4 + 2(D — d)¢~ ' Doy’ (3.11)

—k(D = d)(D —d—1)p~?] =0,

while eliminating the factor p?~471 (3.10) becomes
R+k(D—d)(D—d—1)(D—d—2)p?
(D d)(D—d—1)(D—d— 2P, (312

—2(D —d)(D—d—1)p D" = 0.



4 141 dimensions from D-dimensional theory

Let us now consider the case d = 2, with p = 1 and ¢ = 1. We still assume a D-
dimensional manifold M? with associated metric v(z,y) given by (2.1). In fact we shall
consider that v45 can be reduced to

—( 9w O 4.1
v = ). (41

where p,v = {0,1}, a,b = {2,3,...,D — 1}, g,,, only depends on a* and g, = ©*(2")Ja,
with Jab = gab(yc)'
From (3.5) we get the nonvanishing components of the Ricci tensor

R, = RW —(D—=2)¢™'Dyp,,

(4.2)
Ry = Rap — @Duwlugab - (D - 3)90/u§0,ugab-
So, we obtain the Ricci scalar
R=R—-2(D=2)p ' D" + ¢ ?R— (D —2)(D = 3)p "0, (4.3)
where R = g“”f%u,, and R = gabRab.
Therefore, up to a total derivative we have
S = [d*z/—gR = Vp_o fd%\/—g{ch*QR + k(D —2)(D — 3)pP~4
(4.4)

+(D = 2)(D = 3)pP ' . }.

Here,

Vio = / "2, (4.5)

We also assume a homogeneous space for the metric §a, with R = x(D — 2)(D — 3) and
k={-1,1}.
We observe that (4.4) can also be written as

S:/ﬁL (4.6)

where the Lagrangian L is given by

L=Vp_, / dz'\/—G{eP 2R+ k(D —2)(D—3)pP ™+ (D —2)(D —3)pP 4 p ). (4.7)
In the particular case of four dimensions, D = 4, egs (4.4) and (4.7) are reduced to

S = /dQ:E\/—gR = Vg/de\/—g(apZ}? + +2¢p" 0, + 2K) (4.8)



and

L= /dwlx/—ﬁ{wQR +2¢"p  + 2k},

respectively.

(4.9)

5 Static Black Holes and the FEuclidean Action-

Entropy Relation

5.1 The Hilbert-Schwarzschild solution and Black Hole Entropy

To find static black hole solutions, for this purpose we assume

—et 0
glu/ = 0 ey/ )

with g = u(r) and v = v(r), with r = 1. We shall also assume that ¢ = ¢(r).
It is not difficult to see that

~ 1 1 1
ROO — e#*u(guu + 1//2 - Z:u/y/)7

u—v I 1

1
Dopo = —5¢ e,

A 1 1 1
R _ _ - no_ =2 s
11 S + v

and

1
D]_SO,]_ — g0// _ 5l//gp/.

Thus, the field equations obtained from (4.2) yield

1 1 (D—-2) ,¢

1
NS Ay I e —
Roo = e (Gu" + Ju" = v + —5—p S0) 0,
1 1 1 1 ,¢ "
Ry = —§,u” - z,u'z + ZM’V’ + (D — 2)(2V,Z — S;) =0

and

1 .
Rap = {w(D = 3) + ™" [5(V/ = i)’ — " = (D = 3)¢"]}gap = 0.

We recognize in (5.6), (5.7) and (5.8) the field equations for a static black hole
by using the combination
€7MR00 + €7VR11 =0
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(5.2)

(5.3)

(5.8)

. In fact,

(5.9)



we get

2§0”
WAV = J (5.10)
The solution of this equation is
p+v=Ine?+a, (5.11)
where a is a constant.
Substituting (5.10) into the equation (5.8) we find
e (Vpy' — 209" — (D = 3)9") = —k(D - 3) (5.12)
or
Ve’ + 209" + (D = 3)7¢"” = k(D - 3), (5.13)
where
y=e". (5.14)

The solution of (5.13) for an ordinary D-dim spacetime (one temporal dimension) corre-
sponding to a (D — 2)-dim sphere for the homogeneous space can be written as

16nGpM dp. _,
—(1— bl
N Ve L
167G p M d
gn=e¢ =(1- D (222, (5.15)

(D —2)Qp_opP3 dr

where Qp_5 is the appropriate solid angle in (D—2)-dim and G is the D-dim gravitational

constant whose units are (length)”~2. Thus GpM has units of (length)”~3 as it should.

When D = 4 as a result that the 2-dim solid angle is Q3 = 47 one recovers from eq-(5.15)

the 4-dim Schwarzchild solution. The solution in eq-(5.15) is consistent with Gauss law

and Poisson’s equation in D — 1 spatial dimensions obtained in the Newtonian limit.
For the most general case of the (D — 2)-dim homogeneous space we should write

_ BpGpM

—v = 1In(k
( D3

)—2In¢'. (5.16)
where (p is a constant and Gp is the gravitational constant in D-dim. Thus, according
to (5.11) we get

. ﬁDGDM

S0D—3

pw=1In(k ) + constant. (5.17)

We can set the constant to zero, and this means the line element can be written as

2
i = (= EEE @ + s+ ) G de” (519
LPD73
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An important aspect is that, by taking for instance (5.7), the equations (5.6) and (5.8) do
not determine the form of ¢(r). [13], [14], [15], [19]. It is also interesting to observe that the
only effect of the homogeneous metric g, is reflected in the &k = +1 parameter, associated
with a positive (negative) constant scalar curvature of the homogeneous (D —2)-dim space.
There are two interesting cases to study based on the boundary conditions obeyed by ¢(r)
: (1) the Hilbert textbook (black hole) solution when ¢(r) = r obeying ¢(r = 0) = 0,
o(r — 00) — r. And : (il ) the Abrams-Brillouin-Schwarzschild radial gauge [14], [15],
[19] based on choosing the cutoff ¢(r = 0) = 2GM such that gu(r = 0) = 0 which
apparently seems to ”eliminate” the horizon and ¢(r — oo) — r. The original solution
of 1916 found by Schwarzschild was based on the choice (1) = [r® + (2GM)3]*/3.

However, the choice p(r = 0) = 2GM has a serious flaw and is : How is it
possible for a point-mass at 7 = 0 to have a non-zero area 4w (2GM)? and a zero vol-
ume simultaneously 7 so it seems that one is forced to choose the Hilbert gauge [16]
o(r) = r such p(r = 0) = 0. Nevertheless it was shown [20], [21] that by choosing a
judicious choice of ¢(r) one can cure this flaw and have the correct boundary condition
@(r = 0) = 0 while displacing the horizon from r = 2GM to a location arbitrarily close
to r = 0 as one desires, 1, — 0, and where stringy geometry and Quantum Gravitational
effects begin to take place.

A very straightforward solution to this cut-off problem was found in [20], [21] by
choosing a radial gauge function like p(r) = r + 2GM©O(r), where the Heaviside Step
function ' is defined ©(r) = 1 when r > 0, O(r) = —1 when r < 0 and ©(r = 0) = 0
(the arithmetic mean of the values at » > 0 and r < 0). When ¢ ~ r for r >> 2GM
and one recovers the correct Newtonian limit in the asymptotic regime. It is now, via the
Heaviside step function, that we may maintain the correct behaviour ¢(r = 0) = 0, when
r = 0, consistent with our intuitive notion that the spatial area and spatial volume of a
point » = 0 has to be zero.

Since the notion of distance and separation of spacetime points only has meaning
when it is referred to a gravitational field (metric) [30], [31], [32] when one has a metric
of the form g,,[(¢(7)], it means that after performing the mapping from r to ¢(r) in the
spacetime manifold M, a void (hole) surrounding ¢ = r = 0 forms; i.e. a void in the
region 0 < ¢ < 2GM with the singularity remaining at the center r = 0 = ¢(r = 0) =0
and a ring extending from ¢ = 2GM to ¢ = r = oo ( when M = finite ). In the r-
coordinates picture there is a discontinuity of the metric (and scalar curvature) at r = 0,
the location of the point mass source. Because this is an infinitely compact source there
is nothing wrong with having a discontinuity of the metric at » = 0. In the p-coordinate
picture, due to the correct condition ¢(r = 0) = 0 consistent with the fact that a point
must have zero area (since ©(r = 0) = 0), one can interpret the discontinuity of the
metric as if the region of 0 < ¢ < 2GM were eliminated from the spacetime manifold to
make the surface at ¢ = 2GM a boundary of the spacetime while leaving the singularity
at r = 0 behind.

The solutions [20], [21] had these salient features

e One is not gluing solutions with M < 0 into the region r > 2G|M|. The mass

"'We thank Michael Ibison for pointing out the importance of the Heaviside step function and the use
of the modulus |r| to account for point mass sources at r =0 .
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parameter M > 0. If one wishes to be strictly rigorous one may write the radial function
as o(r) = r 4+ 2G|M|O(r) to ensure that p(r < 0) = —@(r > 0) < 0 and that solutions
with r < 0, M > 0 have a one-to-one correspondence to the solutions with » > 0, M <0
because | — M| = |M|. The latter M < 0 repulsive gravity regime is what it is called a
"white” hole.

e [t is shown explicitly that when one plugs eq-(5.15) directly into eqs-(5.13, 5.14) and
despite that the derivatives 22 = 1+2G|M|d(r) and (d®p/dr*) = 2G|M|d'(r) are singular
at r = 0, there is an exact and precise cancellation of these singular derivatives (and the
ordinary derivatives of any radial function ¢(r)) in eq-(5.13) ; i.e. the latter eq-(5.13)
is satisfied for any radial function, irrespective if it has singular derivatives at » = 0 or
not, for the solutions given by eq-(5.14, 5.15). Speaking of singular derivatives, it is well
known that the Jacobian from the Fronsdal-Kruskal-Szekeres coordinates U, V' to the r, ¢
coordinates is singular at the horizon r = 2G M.

e There is a discontinuity of the metric at » = 0 where the magnitude of the gy
component jumps from 0 to co at » = 0 in the same fashion that the scalar curvature
jumps from 0 to oo at r = 0 due to the presence of the point mass at r = 0. Such
discontinuity of the metric at » = 0 is due to the discontinuity of the radial function given
by ¢(r =0) =0, ¢(r=0") =2GM.

e Having o(r = 0) = 0 and ¢(r = 07) = 2G M, our solutions near the singularity can
be represented by the right and left regions (quadrants) of the Rindler-wedge formed by
the straight (null) lines r = 0%, ¢ = 400 and r = 0", t = —oo at +45, —45 degrees re-
spectively. These (null) lines should be compared with the (null) lines r = 2GM,t = +o00
corresponding to the text-book solution after performing the Fronsdal-Kruskal-Szekeres
change of coordinates [16], [17], [1§]

T r

U— _11 r/AGM h(—— V= _11 r/4GM inh (—
Ganr — V7 cosh Gigap): Gaar — D¢ sinh Ceqp) =
2 _y2 o (" r/2GM

U* = V? = (gggp — D € (5.19)
leading to a metric
4(2GM)3
ds*> = — (Ci) e7TPEM (qv? —qU? ) 4+ r?(dQ)2. (5.20)
In our case we must replace r — ¢ in eqs-(5.19, 5.20)

_ ¥ L o/aaM t _ ¥ L e/aGM t
=(=—=— —1)z ¢¥ h (—— =(=—=— —1)2 ¢¥ h (——
U=Ggng D2 e cosh (gqp) V=G D7 7 sinh () =
2 2 ¥ /2GM

— = (———1)¢” . 21
u=-v <2GM ) e (5.21)
leading to a metric
4(2GM)3
i = — DT wwpan (dV? —dU?) + ¢*(U,V) (d92)*. (5.22)

(U, V)
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such that an incoming photon, starting at point P in the right region (quadrant) of
the Rindler wedge, moves upwards parallel to the —45 degrees null-line and reaches the
null-line branch given by r = 07, ¢o(r = 07) = 2GM at t = oo, as measured by an
asymptotic observer, at point P’. Then it tunnels through the spacetime void and reaches
the spacelike singularity ¢(r = 0) = 0 at point P”. This tunneling behaviour from P’ to
P" is a direct consequence of the discontinuity of the metric at r = 0. Similar behaviour
occurs for an infalling timelike path starting at @) : it reaches the null-line branch given
by r =0, p(r =07) = 2GM, t = oo at point '. Then it tunnels through the spacetime
void reaching the spacelike singularity ¢(r = 0) = 0 at point Q".

In essence, the singularity » = 0 has been spliced-off from the rest of spacetime by
carving out the future and past regions (quadrants) of the Rindler wedge (creating a
spacetime void) leaving only the right and left regions (quadrants) bounded by the null
lines r = 0%, p(r = 07) = 2GM at t = £oo. The fact that we end up only with the left
and right regions of the Rindler wedge might have some relationship to the factor of two
discrepancy of the Hawking radiation temperature which appears when working with the
left-right versus the future-right regions of the Rindler wedge [33].

e Due to the discontinuity of the metric eq-(5.18) at r = 0, the location r = 0, p(r =
0) = 0 corresponds to a spacelike singularity since g, (r = 0) = oo > 0 : it changes
sign. Whereas g,.(r = 0) = 0 because the quantity r(1 + 2GMd(r))? = 0 when r = 0,
due to the fact that it is an odd function of r so the latter expression vanishes at » = 0.
Therefore, since gy (r = 0) = oo > 0 has changed sign in eq-(5.18), it is now spacelike,
we must emphasize that no violation of the cosmic censorship conjecture occurs ! (that
rules out timelike singularities).

A rigorous correct treatment of point mass distributions has been provided based on
Colombeau’s [22], [23], [24], [25], [26], [27], [28] theory of nonlinear distributions, general-
ized functions and nonlinear calculus. This permits the proper multiplication of distribu-
tions since the old Schwarz theory of linear distributions is invalid in nonlinear theories
like General Relativity. Colombeau’s nonlinear distributional geometry supersedes the
no-go results of Geroch and Traschen [29] stating that there is no proper framework to
study distributions of matter of co-dimensions higher than two (neither points nor strings
in D = 4 ) in General Relativity. Colombeau’s theory of Nonlinear Distributions (and
Nonstandard Analysis) is the proper way to deal with point-mass sources in nonlinear
theories like Gravity and where one may rigorously solve the problem without having to
introduce a boundary of spacetime at r = 0.

Due to the essential technical subtlety in order to generate d(r) terms in the right hand
side of Einstein’s equations, one must replace everywhere r — |r| as required when point-
mass sources are inserted. The Newtonian gravitational potential due to a point-mass
source at r = 0 is given by —GM/|r| and is consistent with Poisson’s law which states
that the Laplacian of the Newtonian potential —GM/|r| = 47Gp corresponding to a mass
distribution p = (M /47r?)é(r). However, the Laplacian in spherical coordinates of (1/r)
is zero. For this reason, there is a fundamental difference in dealing with expressions
involving absolute values |r| like 1/|r| from those which depend on r like 1/r. Had one
not use the modulus |r| in the expression for the metric components g;; = 1 — 2GM/|r|
one will not generate the desired §(r) terms in the right hand side of Einstein’s equations

14



Ruw — % guwR = 81G T, # 0. Instead, one would get an expression identically equal to
zero (consistent with the vacuum solutions in the absence of matter) instead of the 6(r)
terms [20], [21].

Writing the metric components for the signature (4, —, —, —)
2GM 2GM r 2GM r
goo = 1— =l-— = =1- ) fr) = (5.23a)
] rorl r |
! (5.23b)
Grr = — —. .
goo

such that the derivatives

: df (r) " d*f(r) :
= = : = = .24
piy = L0 = ) = S = 0 (524
reveals that the nonvanishing R is given by :
R = —ocum [0 o 0y
r r
o' (r) o(r)
— —= . 2
2GM | . + 2 2 ] (5.25)
where the signature chosen is (+, —, —, —).

Therefore, the overall Einstein-Hilbert action involving both density and anisotropic
pressure terms (the terms corresponding to derivatives of the delta function in eq-(5.25))
is exactly equal to an overall integral involving 2GM(r) /r?

S = /R4m~ dr dt —

5’( ) o(r) )
167TG /QGM + 2 =57 [ 4mr® dr dt. (5.26)

167TG r

Integrating by parts yields

/ 8rGM [26(r) — d(r) | drdt = / 81G (M 5(r)) 4rr? dr dt =

167TG 167G 42

1 9 1 M (r)
e / &G p(r) 4mre dr dt = 3 / Mdt = p(r) = . (5.27)

42

The Euclideanized Einstein-Hilbert action associated with the scalar curvature involv-
ing the delta functions terms (5.25), stemming from density and anisotropic pressure terms
[20], [21], is obtained after a compactification of the temporal direction along a circle S*
giving an Euclidean time coordinate interval of 27tg and which is defined in terms of the
Hawking temperature Ty and Boltzman constant kg as 2ntg = (1/kpTy) = 8tGM. The
Euclidean action becomes

Sy = ; /OME Mt - (]‘24) (2rty) = (]‘24) (87GM) —
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1 47(2GM)? A

L 4m(2GM)" _ Area (5.28)
4 G 4 Ly

which is the Bekenstein-Hawking Black Hole Entropy given in terms of the horizon area
4m(2GM)? by S = Area/4 in Planck area units G = L% ( h = ¢ = 1 ). This Euclidean

action = Entropy result was one of the most salient features in [20], [21].

At G M? =

5.2 The Euclidean Action-Entropy Relation in the Reissner-
Nordstrom and Kerr-Newman Black holes case
In this subsection we shall provide the Euclidean action-Black Hole entropy relations [21]

in the case of the Reissner-Nordstrom and Kerr-Newman solutions. Let us begin with the
Einstein-Maxwell action

_ 1 4 1 4 wo_
S = 167TG/dx\/§72+ 462/dx\/§FWF -
1 4 4rG s
—167TG/dx\/§[R— " B P, (5.29)

We will calculate the entropy in the special case when the charge e satisfies the condition
4G = €2, the charge e has length units. In this particular case the Euclidean action
matches the entropy. In the case that 47G # e? the Euclidean action is proportional to
the black hole entropy. The constant of proportionality is 47G /€.

The charged massive Reissner-Nordstrom solution has for metric components

2

2GNM n %7 Grr = _i. (5.30)
r Get

the angular part is the same r?(d2)%. In the point mass and point charge case, we should

replace r — |r| in order to recover delta function point mass and point charge singularities

at r = 0. In the region r > 0 the only contribution to the field equations is from the EM

field stress-energy tensor. Einstein’s equations in the case that 47G = e? are

g = 1—
.

08 1
§guv:0 = R _ig/“’R = 871G T =
1
- [gaﬁ (F;wé Fuﬁ+ Foa Fuﬁ) - 5 Guv FaﬁFaﬁ ], r > 0. (531)

In D = 4 the trace of the stress EM energy tensor is zero consistent with the conformal
invariance of the Maxwell action in D = 4. This results simply follows from a variation
under conformal scalings

if 268=—\gT, 69" = —Agw(@"”) T, g =0=T=T, ¢ =0. (5.32a)

since the Weyl weight w(g"”) # 0. The minus sign of the second term in the r.h.s of (5.31)
is due to the variation of the determinant of the metric g, resulting from the identities
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Jdet g, = extrecetn ) gmgtrace In (g) g (g N1 (5.32b)

1 1
Vg = — 5 V9 9udg"’ = 5 V9 9" 69, (5.33)

Therefore, when r > 0 the point mass terms don’t contribute to the stress energy tensor
and the relevant term is then the EM part of the action density :

1 a8 _ E?(r) 1 e 1 e

— F.43F = — (=) =
4e2 P 4e? 4e2? (7’2) 167G r

—, when 4rG = €. (5.34)

the outer and inner horizons of the Reissner-Nordstrom massive charged black hole in the
natural units is given by the solutions of the algebraic equation

2
20M ¢ o = GM £ JGMY — e (5.35)

1_—
r r2

From eq-(5.34) we can evaluate the EM part of the action bounded by the outer and inner
horizons of the Reissner-Nordstrom massive charged black hole

F,, F" (4mr® :
— G / / w2 dr di) (5.36)
The spatial integral yields
T4 6
el 4 —
7 67r e mr? dr

2 1 2 —r_ 2 2,/(GM)? —e?

e [7_7]2677“4_ - _ e ( ) ‘ (5.37)

4G Ty 4G ryr_ 4G e?

Upon a compactification the Euclidean thermal-time interval is 27t = 1/kgT ( we will
set kg = 1). The temperature of the Reissner-Nordstrom Black Hole [7] is

GM)? — ¢? -
Ty = 1 ( ) - 1 # (5.38)
2(GM)? + 2GM\/(GM)? —e2 — 2 4m 7%

The full spatial-temporal integration corresponding to the EM part of the action bounded
by the outer and inner horizons of the Reissner-Nordstrom Black Hole is then :

Ty @2 1/kpT
“ 4mr? d / dty =
167G /r, r4 (4™ dr) 0 b

or e | 24/(GM)? — e? 2(GM)* 4+ 2GM,/(GM)? — e — ¢
e = I o
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[z Ty _ 47r7’i: Area ‘

G G 4G AL% ek
Therefore, we have shown that when 47G = €2, the (Euclideanized) EM part of the
action associated with the bulk region bounded by the outer and inner horizons of the
Reissner-Nordstrom massive charged black hole is precisely equal to the Black Hole En-
tropy 4nr3 /4G. The relationship between G and e is reminiscent of what occurs in
Kaluza-Klein compactifications from 5D to 4D. In Loop Quantum Gravity there is an
undetermined Immirizi parameter in the Entropy-Area relation based on the SU(2) spin-
networks calculation.

The Reissner-Nordstrom black hole entropy can be recast as

2 2 2 2
e 1 1 1 et ry — r—  dmry dmrs

4G [ r— Ty ] Ty 4G ror_ ry —r_ 4G (5.40)
since €2 = r,r_ resulting from eq-(5.35) and after using eq-(5.38). In the extremal
Reissner-Nordstrom black hole case, GM = e, the outer and inner horizons coincide
ry = r_ = GM so the spatial integral of the scalar curvature bounded by a domain of
size zero is zero. However since the temperature in this extremal case is also zero, when
one computes the Entropy in this case one will get % which is undetermined, however due
to the exact cancellation of the terms r, — r_ in the numerator and denominator of eq-
(5.40) the Entropy value becomes precisely equal to (Area/4G) where Area = 4mr? =
4r? = 4w (GM)? for the extremal Reissner-Nordstrom Black hole.

The charged rotating ring solution given by the Kerr-Newman Black Hole has an
angular momentum per unit mass a = ﬁ and the Hawking temperature corresponding to
the outer horizon is [7]

[[GM + J(GM)? — ]2 = (5.39)

RN _
Sy =

1 GM)? —a? — e?
Ty(M,e,a=—) = — \/( ) =
M 2T 2(GM)? + 2GM\/(GM)2—a2—62) — e?
1 ry — r_

(5.41)

dr 3+ a®

The outer and inner horizons are solutions of the equation :

A =12 —2GMr + a® + ¢ =0 = r. = GM £,/(GM)? —a® —e2 (5.42)
The Entropy is

_L 2 27 _ T 2 _ 2 212 Area
Se = 15 d4r bl + '] = [G][GM+\/(GM) a2 — e2]? = T (5.43)

As a direct consequence of the temperature relation (5.41) and the rotational-energy
density (1/167G) (J/Mr*)? = (1/167G) (a/r?)? contribution to the energy, the Kerr-
Newman back-hole entropy can still be re-written as
e* +a? [i _i] 1 e2+a* ry — r_ An(ri + a?) _ 4r(r? + a?)
4G r—  ry Ty 4G Ty T ry o — T_ 4G
(5.44)

KN _
Sgt =
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since €2 +a? = ryr_ resulting from (5.42). Based on the entropy functional forms given
by eqs-(5.40, 5.44) (in the form energy x time) of the Reissner-Nordstrom and Kerr-
Newman back-hole entropies, If one evaluates the bulk integral of the EM part of the
action ﬁF w I in the Kerr-Newman stationary solution expressed in Boyer-Lindquist
coordinates one gets

62

Sg = 4(132 /dt /dng /TT+ dr /_:1 d(cose) (r* + a*cos®¢) =

(r2 + a’cos?¢)?

iLig [ ] —ilip [2] 1
r S 4
o I 7 (5.45)

™|

where Lis is the di-logarithm. The poly-logarithm is defined by Li,(z) = > ,_; z—i Hence,
it is only to leading order in powers of ¢ that one recovers from the integral of eq-(5.45)
the Kerr-Newman black hole entropy
1 1.1 a(ry —r) 4n(r?2 +ad?
SENW[f—f]fz (+ ) (+ ):
r_ ry Ty Ty T ry —Tr_
m dm(ri + a?)
e + a? 4G
with the provision that the condition e? + a? = 47 is obeyed. The Reissner-Nordstrom
entropy was recovered in eqs-(5.39, 5.40) when the condition e? = 47G was satisfied. To
sum up, the expression

Am(ry +a®) = , when €* + a* = 47G. (5.46)

e? +a? [ 1 1 ] 1
4G re ory Ty

recaptures the Kerr-Newman entropy as well as the Reissner-Nordstrom, Kerr and

Schwarzschild entropy when a? = 0, €? = 0, e¢* = a® = 0, respectively. The first law

of thermodynamics relating the change of the internal energy dU with the change of
entropy T'dS and work dW is :

Sp =

(5.47)

TdSp — dW = dU = TdSp — JdQ — ®dQ = dU = d (M — Qd — JQ). (5.48)

where ® = e/r, is the electrostatic potential at the outer-horizon, 2 is the angular velocity
of the outer horizon; J is the angular momentum and M is the ADM mass. The first law
can be interpreted as the relationship among the global charges, parameters (M, e, J) and
T, S which is obtained by performing a variation of the Euclidean action resulting from
perturbing the location of the inner and outer horizons. Viewing the Hawking radiation
and emission of particles as a quantum tunneling that shrinks the size of the horizons [35]
is another way of perturbing the value of the Euclidean action. For a thorough discussion
of interpreting Einstein’s field equations as just a thermo-dynamical equation of state see
[36] and Wald’s entropy expression related to the global Noether charge of diffs under
the Killing vector field which generates the event horizon in the stationary black hole
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background and which is given by a local geometric density integrated over a space-like
section of the horizon [34].

6 Spatial-Temporal Vacuum Solutions

In this section we shall find novel spatial-temporal vacuum solutions based on our
results in sections 3 and 4. By taking now goo = —¢”, g11 = €¢” and g1 = go1 = 0, with
p = p(t,r), v=rwv(t,r) and ¢ = p(t,r), in this section we shall look for a more general
solution of the field equations obtained from (4.2). For this purpose let us first observe
the identity

Roo = Rclno = 900911}?(1)01 = 9009111:311 (6.1)
or
9 Roo = "' Ruy, (6.2)
since "¢ = g''g11 = 1. Observe that (6.2) is in fact what we used in (5.9) for the case
of static black-holes.
Using eq- (4.2) one discovers that the identity (6.2) leads to
9Dy = g''Dr1. (6.3a)
which explicitly becomes

Po 1, 0p du 1 _, 00 0p _

_pTH T _ _r _ _r
T T o T2 o or
L, Pe 1,00 dv 1 Op Ov
o T2 o 2% e ar (6.30)

Therefore the second expresion in (4.2) yields

k(D —3) — 209" Dip, — (D — 3)g"¢* — (D — 3)g''¢* = 0. (6.4)

Here, ¢ = ¢,9. This is equivalent to substitute (5.10) into (5.8). After writing the explicit
expression of the covariant derivative Dyp ;1 eq-(6.4) becomes in terms of p and v :

k(D =3)+e " {Voyp — 200" — (D = 3)*} + e {ipp+ (D= 3)p*t =0 (6.5)

or
Yo' + 290" + (D — 3)y¢” = k(D — 3) + e *p{vp + (D — 3)¢}, (6.6)

where v =e™".

On the other hand we also need to consider the field equation
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Dl@ao = 07 (67)
which leads to

1 1

Y — 2o — Zpo =0, 6.8
T (6.8)

We are going to find solutions to eqs—(6.3, 6.6, 6.8) by choosing the ansatz
) — pvle(®) — v(t). (6.9)
from eq-(6.8) one gets

gy Ly o(dy/de) 1 ¢ ¢ (dy/dy)
¢ - 3

5 S ¢ (6.10)

a solution to (6.10) is clearly given by ¢(t) = t. Plugging the solutions (6.9) into (6.6)
when ¢(t) =t and D =4, k=1 gives

dp
1 Hl1—t =0 6.11
e (1% (6.11)
since (¢)? =1 and ¢’ = ¢” = 0. One deduces from (6.11) that
du dt du
1 b= ¢ = — = . A2
e a ) [+ or (6.12)
Integrating (6.12) yields
t et t 1
In(—) =1 21 =" b= : 1
n(to) n(eu+1) = 5 et =e i (6.13)

By inspection one can infer that 4+ v = 0 = p = —v is a solution of eq-(6.3a, 6.3b),
when ¢ =t and p = p(t), v = v(t). Therefore, the time dependent vacuum solution is
given by
2 dt? to 2 2 2
t

which is nothing but the Kantowski-Sachs cosmological vacuum solution obtained from
the Schwarzschild solution after the exchange r « t if one sets the constant t, = 2GM. At
t — oo it is asymptotically flat. It has a horizon at ¢t = 2G M and a curvature singularity
at t = 0. By exchanging ¢ < r in eq-(5.18) one gets the higher dimensional generalization
of the Kantowski-Sachs metric eq-(6.14) for different values of D, k

ds® = —

(dt)? OpGpM
(_k+ﬁDGDM) + (_k+ +D-3

t+D—3

) (dr)® + £ Gap dE dE". (6.14b)
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Inspired from the Fronsdal-Kruskal-Szekeres form of the metric in natural units ¢ = 1,
with a signature (—,+, 4+, +,+), and working with coordinates r,t of length dimension,
one can choose the metric of the form

4(2GM)

ds® =
@(r,t)

e PR (G2 4 0 ) + A t) (A0), AP = dd? + sin®G d6®.

(6.15)
as solutions to the vacuum field equations which are dependent on both r, ¢ coordinates.
The metric (6.15) correspond now to the case

lert) _ ety — ACGM) _iypan (6.16)
p(r 1)
where now pu(r,t) = v(r,t), instead of u(r,t) = —v(r,t), and the radial function ¢(r,t)
must obey the system of differential eqs-(6.3, 6.6, 6.8). As stated earlier, the Fronsdal-
Kruskal-Szekeres coordinates U, V' are explicitly given in terms of 7, ¢ by eq-(2.19).

The difficult problem is to invert these relations in order to obtain the functional
relations r = r(U, V), t = t(U,V). Whereas, by choosing the ansatz in eqs-(6.15, 6.16)
one is able to derive a set of differential equations (6.3b, 6.6, 6.8) obeyed by u(r,t) = v(r,t)
and the radial function ¢(r,t), and whose solutions for the radial function ¢(r,¢) must
comprise a solution with the same functional form as the radial function r = r(U,V)
(whose functional form is unknown because we cannot invert the functional relations in
eq-(2.16)). For instance, given y(x) = xe” the inverse function x = W (y) is the celebrated
Lambert W-function whose exact analytical expression is unknown.

We will now find explicit new solutions If one chooses

eu(w(’l‘,t)) — 6_V(§D(T7t)) — 7(90(7"7'[:)) (617)

One can see that eq-(6.3b) and eq-(6.8) are automatically satisfied for a radial function
function of the form ¢(r,t) = ¢ =+ r which is just the advanced and retarded time,
respectively. Inserting these solutions into eq-(6.6) when D = 4 and k = 1 gives after
some straightforward algebra :

dy v2+1 dy
2 3 2
+1 - _ + +v = /d = / . 6.18
(v )@(dso) S el e 7(_v3 e +7) p (6.18)
upon integration it gives
Y % Po 1
nl————]|=nh—=1+"—= =5 ——. (6.19)
[7(7—1) 1/ o @ gl

where the integration constant is ¢, and has dimensions of length. Solving for 7 in terms
of ¢ leads to

(1 +2) + \/(1 +£2)% +4

) = . . (6.20)
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In particular, when ¢(r,t) =t +r = u, ¢(r,t) = (t —r) = v, the solutions to the
function ~y(r,t) are :

(1 +252) £ /(1 +252)2+4
y(rt) = y(tL£r) = &S \/ &S . (6.21)

Therefore, the dynamical metric in terms of the advanced and retarded temporal coordi-
nates t + r is then given by

(dr)?
y(t£7r)

where the explicit functional form ~y(r,t) = v(t & r) is given by eq-(6.20). Choosing a +
sign in eq-(6.21), one can perform a Taylor expansion of the expression inside the square
root leading to

ds* = — y(t+r) (dt)? + (t£7)? (dQ)> (6.22)

Vo tEtr
t) = yt£r) ~ 1 + — + —+ ... 6.23
Art) = ) ~ L+ e (6.230)

Taylor expansion which is valid in the regime when
0 < |[tE£r] < |po (6.23b)

Since v = e (") > 0 one must choose a + sign in eq-(6.21), such that when one sets the
integration constant ¢, > 0, one can see that the metric (6.22) is singular at ¢ = t+r =0
because at those locations one has y(t £ = 07) = oo and v(t £ 7 = 07) = 0. There
is a discontinuity of v at t = r = 0. If o, < 0 one would have the converse behaviour,
vy=ocatt+r =0 and vy =0at t+tr = 0". We have not equated ¢, to 2GM in
this dynamical case. At the end of this subsection we will explore further the physical
interpretation to the metric solution (6.21, 6.22). A similar singularity along a null plane
(wave-front) occurs also in the Aichelburg-Sexl metric

ds®* = 8plog p §(u) du® +du dw — dy* — d2*. (6.24)

where p is the momentum and p is the mass density. The metric describes a plane-polarized
pp-wave and is flat everywhere except on the location of the null plane u =t —x = 0
where it is singular. The variable w is defined by w = ¢ + z. Such metric (6.24) is the
ultra-relativistic limit of the Schwarzschild metric and represents the shock-wave geometry
when the energy-momentum has a delta-like support on a null plane u =t — 2 = 0 and
is generated by a particle moving at the speed of light along the x-direction.

When [t+7| — oo the value of (6.21) for the + sign tends to v — (1++/5)/2 = Golden
Mean = 1.618..., which is a curious numerical result. Since 7(+o00) # 1, one may notice
that the metric components gy, g, of eq-(6.22) do not become unity when ¢ £ r — oo,
nevertheless the curvature tensor vanishes at |t £ 7| = oco.

Time dependent black hole solutions with a nontrivial dilaton field background in
3D and higher dimensions were found by [37] based on the application of the 3D Janus
geometry. The metric was of the form
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ds* = f(r) [=d® +dr® +7 COSZ(E) (d)? 1. (6.25)

The spacetime is locally isomorphic to the 4D Anti de Sitter space and the curvature
singularity at ¢ = 0 is of the orbifold type [37].

Inspired from the above Janus geometry we shall seek vacuum solutions ( there is no
dilaton background in this case ) of the form

ds* = f(r) [ —df® +dr® +12 coshQ(tt) (d)? ]. (6.26)

o

by replacing the oscillatory radial function rocos(;) for the non-oscillating one rocosh(;).
The solutions for the conformal factor f(r) are obtained by inserting the metric ansatz
(6.26) into the eqs-(6.3b, 6.6, 6.8). Eq-(6.8) is automatically satisfied and after some
algebra eqs-(6.3b, 6.6) lead respectively to :

1 3 . f

1 "
~% + 1 (7)2 — 2]; = 0. (6.27a)
1 [i(?)? - f; ] 2 coshQ(tZ) 4 232’71]12(;0) — 0. (627)

Using the identity cosh?x — sinh*x = 1 one can verify by simple inspection that the
solution to eqs-(6.27a, 6,27b) ( when ¢ =1 ) is

2r

ro = to, f(r) = et (6.28)
Consequently the metric (6.26) is

t

ds? = e*r [ —dt* +dr* +7r2 cosh®(
To

) (d)?]. (6.29)
At t = oo the angular part of the metric diverges for finite r. Whether it is just a
coordinate singularity or a physical one needs to be investigated. Solutions to eqs-(6.3,
6.6, 6.8) when k = —1,0; D > 4 and axially symmetric and stationary solutions of the
form [7]

ds? = —eMPA) [ dt—B(p, 2)d¢ |* + e 42 p? dp? 4+ C(p,2) dp* + D(p, z) dz*. (6.30)

can also be found by similar means.
The most general expression for « in eq-(6.21) for different values of D, k is

B+ ()77 & [k + (372 )P +4
y(rt) = y(t+r) = = \/2 i . (6.31)
and the dynamical metric in terms of the advanced and retarded temporal coordinates

ttrind>4is
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(dr)?
y(t £ )
where the explicit functional form ~(r,t) = y(t £ r) is given by eq-(6.31).

A careful analysis of the two eqs-(6.5,6.8) reveals that the relation in the r.h.s of
eq-(6.19) is a very special case of the most general relation in D > 4 and for £k = 1,0, —1

ds* = — ~(t+7r) (dt)* + + (t£7)? Gup dE* dEP. (6.32)

Yo D3 _ @) 9P\ ue) 9P
k) e D(CER — (g, (6.33)

which can be derived directly from the two eqs-(6.3, 6.5,6.8) after defining

F(r,t) = 6_”(“’)((;(’0)2 - e‘““‘”(%}f)? (6.34)
r

and performing some laborious but straightforward algebra in eqs-(6.3, 6.5, 6.8) leads to
the two equations

@F(r.0/0r) ~ @plr.1)/or) (039
and
s T2 = (D=3) (k= F(0)] =
/(D—?f)UEk—F) - /Cif -
Flrt) = k — Mq:’ji’;))D_g (6.36a)

where f(t) is an arbitrary integration function depending solely on ¢. In order to satisfy
eq-(6.35) one must have that f(t) = constant, therefore one arrives at

F(rit) = k + (22 )P3, (6.36b)

after setting — f(t) = constant = (¢,)P~3. The parameter ¢, has length dimensions.

Namely, by defining F'(r,t) in eq-(6.34) one is able to rewrite the two eqs-(6.5, 6.8)
in the form given by eqs-(6.35, 6.36). The geometrical meaning behind the definition of
F(r,t) in eq-(6.34) is that it represents the norm squared of the velocity associated with
the gradient of the area-radius function ¢(r, t)

g 0.0 O = " (Op)® + g7 (0,9)* = F(r,1). (6.37)

corresponding to the D-dim metric

ds? = — ) (@) + U0 (dr)? + p(r,)? (d2p o)’ (6.38)
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when p(r,t) = p(e(r,t)) and v(r,t) = v(p(r,t)). In the static case one recovers from
eq-(6.33) the solution in eq-(5.18)

Yo \D-3 —v(p) 2
k () =
)P = e ()
@) (52)°
o = e’ = r ) 6.39
g e [ (@?;))D_:; ( )

One may notice that when F'(r,t) = 0 the zero norm in eq-(6.37) corresponds geomet-
rically to a horizon. For example, in the case D = 4,k =1 and ¢(r,t) = t £ r the location
of a horizon occurs when

Po

=0=tx
ttr "

F(r,t) =0 =1+ — @, = dttdr=20 (6.40)
such that the value of v in eq-(6.21) becomes y(t £r = —p,) = 1 . Hence, when the value
v =1 and dt = dr = 0 one arrives at the expression for a particular null radial geodesic
(there are others) associated with the metric in eq-(6.22) and given by ds? = —dt*+dr? = 0
which is compatible with the null surface F(r,t) = 0 condition of a horizon.

From the arguments described after eq-(6.23), related to the discontinuity of v at
t +r = 0, with values of 0,00, one finds that horizonless solutions occur when ¢, >
0, t£r >0 or when ¢, < 0, t £r < 0. The singularity at t + r = 0 is timelike and
is visible to an observer. The existence of horizons occurs when ¢, > 0, t £r < 0 or
when ¢, < 0, t =r > 0. The singularity at ¢ £ = 0 is spacelike and would be hidden
behind the horizons at t + 1 = —¢p, (such that y(t = = —p,) = 1) from those observers
in the regions |t £ r| > |p,|. Notice that a null like singularity would require both that
ds* = 0 and the curvature tensor R,,,, (and/or other curvature scalars) to diverge along
the corresponding null like curve, which is not the case here.

Long ago Penrose [44] proposed the Cosmic Censorship Conjecture (CCC) stating that
singularities which form in a gravitational collapse and consistent with Einstein’s [13] field
equations should never be visible to an outside observer or they should be hidden inside a
horizon. Deshingkar [45] studied singularities which can form in a spherically symmetric
gravitational collapse of a general matter field obeying the weak energy condition. He
showed that no energy can reach an outside observer from a null naked singularity. That
means they will not be a serious threat to the Cosmic Censorship Conjecture (CCC).
For timelike naked singularities, where only the central shell gets singular, the redshift
is always finite and they can in principle, carry energy to a faraway observer. Hence for
proving or disproving CCC the study of timelike naked singularities is more important.
The results of [45] were very general and independent of the initial data and the form of
the matter.

Recently [46] we have shown the existence of timelike naked singularities which are
not hidden by a horizon and which are associated to spherically symmetric (noncompact)
matter sources extending from r = 0 to r = oo and obeying the weak energy conditions .
These asymptotically flat solutions do represent observable timelike naked singularities
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where the scalar curvature R and volume mass density p(r) are both singular at r = 0.
Therefore, the horizonless solutions we just found above when ¢, > 0, t£r > 0 or
Yo < 0, t 17 < 0, associated with a timelike singularity at ¢ &= r = 0 should not be
discarded.

Omne could interpret the singularity from the perspective of radial ingoing/outgoing
spherical waves whose shock wave front is singular at ¢ =7 = 0 due to infinite pressures
along the wave front and which can be realized in terms of a delta-function field configu-
ration depending on r,¢; i.e when the energy-momentum has a delta-like support on the
regions t =7 = 0. In the Schwarzschild solution, the integration constant 2G M of length
dimensions is defined in terms of the Kepler mass M as measured by an observer in the
asymptotically flat spacetime region. The length parameter ¢, in our above solutions has
a similar interpretation in terms of the global mass-energy content carried by the shock
wave front as measured by an observer in the asymptotically-flat future (past) null infinity
region. As stated above, a similar singularity along a null plane (shock wave-front) occurs
also in the Aichelburg-Sexl metric (6.24) (the ultra-relativistic limit of the Schwarzschild
metric) describing a plane-polarized pp-wave that is flat everywhere except on the location
of the null plane u =t — z = 0 where it is singular.

To conclude, we have found (to our knowledge) new spatial-temporal vacuum solutions
to Einstein’s field equations, given by eqs-(6.21, 6.22, 6.31, 6.32) in D > 4, and for
k =1,0,—1in a straightforward fashion from the results of sections 3, 4. In the particular
case for D = 4;k = 1 one found solutions (with and without horizons) which display a
singularity at ¢ £7 = 0. Furthermore, we have provided a physical interpretation to these
solutions. The 4D metric solution (6.29) was inspired from the 3D Janus geometry one.

7 Cosmology based on the Interior Geometry of a
Black Hole and a Modified Kantowski-Sachs metric

It has been known for some time that the external spatial and temporal coordinates
exchange their character when the event horizon is crossed and the interior solution
representing a non— static spacetime with a time-dependent metric is given by a mod: fied
Kantowski-Sachs metric ( no longer a vacuum solution ) for the interior spacetime region

dt? 2Gm(t)
2 — J—
ds® = [% By + [ :

— 1] dz* + t* d?, (7.1)

where now z is the spatial coordinate inside the black hole and no longer represents a
radial coordinate inside. The range of values of z is —oo < 2z < 400, whereas the
ordinary radial variable r > 0. The components of the Einstein tensor in an ortho-normal
reference frame are [38] (and references therein)

Gu=TRu — §gtt R = —& ——, (7-2)



_ 1 _ 2G dm(t)
1 G d*m(t)

o1 _ _¢C 4

Goo = Rog 5966 R T (7.4)
1 G d*m(t)

Goo =Ros — 5960 R = - T e (7.5)

This solution implies that p = —p, , meaning that the pressure p, < 0 when p > 0.
The isotropic pressure condition requires equating the components of the Einstein tensor

d*m(t) 2dm(t)

G,, = G@@ = G¢¢ = 12 — ET = 0, (76)
whose solution is
and yields
dt? 2C
ds® = — eI [ tl +20, 2 — 1] d2® + % dO? (7.8)
t

which is the t-relative of the static form of the Anti-de Sitter-Schwarzshild solution

2GM A dr?
ds* = — [1 — . —rQ]dt2+[1_2GM_/§r2]r2+dQ2, (7.9)

where A < 0 is the Cosmological constant in the Anti de Sitter-Schwarzshild case and
A > 0 in the de Sitter-Schwarzshild case.

The anisotropic pressure of a self-gravitating anisotropic fluid is obtained when the
the radial pressure is not equal to the tangential pressure. The pressure free case leads
to the Lemaitre-Tolman metric [38]. For example, inspired from the static case problem
studied by [39], [40], [41] we shall go ahead and smooth out the singularities at ¢t = 0 by
choosing a density given by the Gaussian

M t2 2
— _ "o —t?/4o
p(t) (Imo2)? e . (7.10)
from eqs-(7.2,7.3) one can infer that p = —p, and the tangential pressures are
t 8,0 £2 2 t2
== )~ = e (- Dy
The mass content at any instant ¢ is
t M, 2402 2M, 3 ¢
Mt :/7"*”4" art?ydt = o2 Ly 7.12
(1:0) = [ Gromam ¢ T U ) dt = T2y ) (T120)

and is given in terms of the lower incomplete gamma function with parameter a = %
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Therefore, the metric is given explicitly in terms of the above mass function M (¢, o)
(7.12) as

dt? 2G M (t,0)
2 ) 2 2 102
ds® = — [QGM(t’o) 7 + [ ; — 1] dz* + t* dQ°. (7.12b)
t
ts a solution of Einstein’s equations in the presence of matter whose density p = —p, and

pressure configurations p,, pg, ps are given by eqs-(7.10, 7.11).
The temporal horizon ¢ is obtained by solving the transcendental equation obtained
by setting in eq-(7.12b)

2GM(t = 2 2
gt =) = ZEHEEIT) 0 o = 60 ()05 ) (9
the extremal case corresponds when there is one horizon and it occurs when ¢, ~ 3.0 o
and GM, ~ 1.9 o . These results were found earlier for the static case solutions depending
solely on r ( instead of ¢ ) by [39], [40], [41] . For masses less than the critical value M,
there is no horizon. For masses larger than M, there are two horizons as shown by [39].
The no horizon case is also a very interesting case.

Furthermore, the metric component g,.(t) is not singular at ¢t = 0, due to the prop-
erties of the incomplete gamma function. For very small ¢, the behaviour of 2GM (t)/t
is proportional to t* and hence |g,.,| — 1 as t — 0. And when t — o0, |g..| — 1 also
compatible with (temporal) asymptotic flatness. The scalar curvature is given by the
expression

M, e~t*/4 t?

(4mo2)3/2 (2- 402)'
it is zero at t = oo due to the rapidly decaying behaviour of the exponential and the
most important feature is that R(t = 0,0) = —4GM,//70? is not singular at ¢t = 0
since the Gaussian distribution smears out the singularity at ¢ = 0. When o = 0 the
scalar curvature blows up consistent with the fact that the zero width limit ¢ — 0 of the
Gaussian distribution p(t,0 = 0) — §(¢)/4wt? yields the delta function.

Let us focus in the extremal case when there is one horizon only. The relative amount

of mass enclosed by the universe from ¢t =0 and t = ¢, ~ 3.0 0 is

R(t,o) = — (87G) (7.14)

M(t =ty o) 2 3t 2 9 2
ME=t o) _ 2 ¢2 thy o2 2 Py L2 069809 = 0.7877. (7.15
M, \/%7[2’402] \/%7[2’4] 7 (7.15)

The mass content between ¢, and ¢ = oo is given in terms of the upper incomplete gamma
function

2M,
VLS

The value of the upper incomplete gamma function when ¢, ~ 3.0 o is F[%, %] = 0.188137.

Thus, the relative mass content in the interval between ¢, and ¢ = oo is then given by

I ; Do (7a6)

402

00 Mo
M(ty, o) = /t Tt eI (4 ) dt =
h

Amo2)3/2
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M((ty, o) 2 39 2

M = 7 I 5 1 ] = N x 0.188137 = 0.2129. (7.17)
such that 0.2129 4 0.7877 ~ 1.0006 which is very close to unity as expected since we
rounded off the numbers. The sum of the upper and lower incomplete gammas yields the
ordinary Euler gamma function

39 39 3 NZ3
as expected. One can conclude that for measurements made between t;, and ¢t = oo the
fraction of the mass observed is 0.2129, and for measurements made between ¢t = 0 and ¢,
the fraction of the mass observed is 0.7877. It is interesting that these numbers are close
to the reciprocal values of what is observed in our universe; i.e 0.75 is dark energy and
dark matter while 0.25 is what is observed.
If one sets

Mo R ubble .
GM, ~20 = Ryuwbe = = e 109" since G = L, (7.19)
Mmplanck LPlcmck:

one arrives at a number consistent with the Dirac-Eddington-Weyl large number coinci-
dences M, ~ 10" mpigner = 105 myyroon since 1039 is of the same order of magnitude as
the square of the ratio (10%°) of the Hubble scale and classical electron radius and the
square of the ratio ( 10%° ) of the electrostatic force between an electron and a proton
versus their corresponding gravitational force. In this case, one finds ( in natural units
h = ¢ = 1) that the temporal horizon is given by ¢, = 3 ¢ = 1.5 tgue such that the
observed universe lies inside the temporal horizon because tguppe < th.

One may view the cosmological solution described in terms of the Gaussian density
(7.10), the mass function (7.12) and the modi fied (non-vacuum) Kantowski-Sachs metric
(7.9) as if the mass M, of the entire universe were smeared over all of its temporal evolution
(during its expansion) by means of a Gaussian distribution of width ¢. In the extreme
case, 0 — ( scenario the density would have been just proportional to a delta function
% as if the entire mass M, of the universe were concentrated at a point in time : ¢t = 0,
the moment of the "Big Bang” singularity. When o # 0 one no longer has a temporal
delta function centered at t = 0, but instead a delta function which has been smeared
into a temporal Gaussian distribution of width ¢. Such width o # 0 is related to the
temporal horizon and the Hubble scale (today) by the relation ¢, ~ 3.0 0 = 1.5 t gupble-

A more general interior spacetime metric is [38]

ds* = — B(z,t) dt* + A(z,t) d2* + F(z,t)* dQ*. (7.20)

In the very particular case that M(t) = M, = constant and F(z,t) = t?, by following
the results of [38] and after some algebra one recovers once again the Kantowski-Sachs
metric that we found earlier in eq-(6.14) by simpler means.

To finalize let us discuss the t-relative version of Vaidya’s metric. The Vaidya metric is
a solution of Einstein’s equations with spherical symmetry in the eikonal approximation
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to a radial flow of unpolarized radiation [42] that describes the temporal evolution of the
evaporation process of black holes via the Hawking”s radiation mechanism. It is given by

2m(v)

ds> = —(1-—
s ( .

) dv® + 2dr dv +1r? dQ? (7.21)

and expressed in terms of the advanced time parameter v = t +r, associated with ingoing
radial flow of radiation, and

2m(u)

ds* = —(1— ) du* — 2dr du + 7 d?, (7.22)

expressed in terms of the retarded time parameter u = t — r, associated with outgoing
radial flow of radiation. The Vaidya metrics are time-dependent solutions of Einstein’s
equations when m(v) is an arbitrary increasing mass function of the advanced time v =
t + 7, and m(u) is an arbitrary decreasing mass function of the retarded time u =t — r,
and r, is the tortoise radial coordinate r, = r +2GM In|5g5; — 1|. The location of the
horizons associated to the metrics in eqs-(7.21, 7.22) are now dynamical and given by
rn, = 2m(v) and 1, = 2m(u) respectively.

In the same fashion that the Kantowski-Sachs metric can be obtained from the
Schwarzschild metric after the exchange of variables t « r, it is warranted to explore
the cosmological implications of seeing the universe as a dynamical black hole by starting

with the metric obtained from the Vaidya metric after the exchange of variables ¢ < r

N
ds? = —(1— mt@)) di? + 2.dt di +1* d? (7.23)
and ol
ds® = _(1_M) di® — 2dt du +t* d?, (7.24)

where the t-relatives of the advanced/retarded temporal coordinates and the temporal
tortoise coordinate are now given by :

t
2GM
For recent work on the role of Entropy and the Universe as a black hole see [43]. The
physical implications of the novel cosmological solution eqs-(7.12a, 7.12b) that is well
behaved at ¢ = 0 and the metric configurations (7.23. 7.24) deserve further investigation.

O =r+t, @ =r1r—t, t, =t + 2GMIn | —1]. (7.25)
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