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Abstract

A novel Moyal-Yang star product deformation of generalized p-brane actions in Clifford-space target
backgrounds involving multivectors ( polyvectors, antisymmetric tensors ) valued coordinates is constructed
based on the novel Moyal-Yang star product deformations of Generalized-Yang-Mills theories. This novel
Moyal-Yang star product requires the use of the Noncommutative Yang’s spacetime algebra involving a
lower (ultraviolet) scale A ( Planck’s scale ) and an upper (infrared) scale R simultaneously. The ”classical
? Regr = (RA/R) — 0 limit of the Moyal-Yang star products leads naturally to Noncommutative p-branes
actions in Clifford-space target backgrounds which are associated to the Noncommutative ” classical” p-brane
dynamics described by nontrivial ( nonzero ) Poisson brackets among the multivector-valued coordinates
and multivector-valued momenta of the p-branes moving in Clifford spaces. We derived in previous work,
from first principles, why the observed value of the vacuum energy density (cosmological constant ) is
given by a geometric mean relationship p ~ L;?@TLCkR’Q = L1_34(Lplanck/R)2 ~ 10*122Mf_f,lanck and can be
obtained when the infrared scale R is set to be of the order of the present value of the Hubble radius. A
Noncommutative QFT in Clifford spaces (devoid of ultraviolet and infrared divergences ) involving both an
upper R (infrared) and lower (ultraviolet) scale A remains to be developed further in order to study in full
the physical applications of these Noncommutative p-branes living in Clifford space target backgrounds.

1. Introduction

In recent years we have argued that the underlying fundamental physical principle behind string theory,
not unlike the principle of equivalence and general covariance in Einstein’s general relativity, might well be
related to the existence of an invariant minimal length scale (Planck scale) attainable in nature. A scale
relativistic theory involving spacetime resolutions was developed long ago by Nottale where the Planck scale
was postulated as the minimum observer independent invariant resolution [43] in Nature. Since “points”
cannot be observed physically with an ultimate resolution, they are fuzzy and smeared out into fuzzy balls
of Planck radius of arbitrary dimension. For this reason one must construct a theory that includes all
dimensions (and signatures) on the equal footing. Because the notion of dimension is a topological invariant,
and the concept of a fixed dimension is lost due to the fuzzy nature of points, dimensions are resolution-
dependent, one must also include a theory with all topologies as well. It is our belief that this may lead to
the proper formulation of string and M theory.

In [15] we applied this Extended Scale Relativity principle to the quantum mechanics of p-branes which
led to the construction of C-space (a dimension category) where all p-branes were taken to be on the same
footing; i.e. transformations in C-space reshuffled a string history for a five-brane history, a membrane
history for a string history, for example. It turned out that Clifford algebras contained the appropriate
algebro-geometric features to implement this principle of polydimensional transformations [15, 16, 17, 18].
Clifford algebras have been a very useful tool for a description of geometry and physics [39]. In [17,18] it
was proposed that every physical quantity is in fact a polyvector, that is, a Clifford number or a Clifford
aggregate. Also, spinors are the members of left or right minimal ideals of Clifford algebra, which may
provide the framework for a deeper understanding of sypersymmetries, i.e., the transformations relating
bosons and fermions. The Fock-Stueckelberg theory of a relativistic particle [17] can be embedded in the
Clifford algebra of spacetime [3]. Many important aspects of Clifford algebra are described in [39]

Using these methods the bosonic p-brane propagator, in the quenched mini superspace approximation,
was constructed in [33]; the logarithmic corrections to the black hole entropy based on the geometry of Clifford
space (in short C-space) were obtained in [35]; the action for a higher derivative gravity with torsion was
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obtained directly from the geometry of C-spaces [34] and how the Conformal agebra of spacetime emerges
also from the Clifford algebra was described in [40]; the resolution of the ordering ambiguities of QFT in
curved spaces was resolved by [17].

In this new physical theory the arena for physics is no longer the ordinary spacetime, but a more general
manifold of Clifford algebra valued objects, polyvectors. Such a manifold has been called a pan-dimensional
continuum [18] or C-space [15]. The latter describes on a unified basis the objects of various dimensionality:
not only points, but also closed lines, surfaces, volumes,.., called 0-loops (points), 1-loops (closed strings)
2-loops (closed membranes), 3-loops, etc.. It is a sort of a dimension category, where the role of functorial
maps is played by C-space transformations which reshuffles a p-brane history for a p’-brane history or a
mixture of all of them, for example.

The above geometric objects may be considered as to corresponding to the well-known physical objects,
namely closed p-branes. Technically those transformations in C-space that reshuffle objects of different
dimensions are generalizations of the ordinary Lorentz transformations to C-space. In that sense, the C-
space is roughly speaking a sort of generalized Penrose-Twistor space from which the ordinary spacetime
is a derived concept. In [15] we derived the minimal length uncertainty relations as well as the full blown
uncertainty relations due to the contributions of all branes of every dimensionality, ranging from p = 0 all
the way to p = co. For further details of the Extended Relativity Theory in Clifford spaces we refer to the
review [16] .

Another current important applications of multivectors, (polyvectors) in Physics is the work on Polyvec-
tor Super-Poincare Algebras and its relation to the M-theory superalgebra [55] and the formulations of Higher
Spin Theories based on twistor-particle dynamics in Tensorial spaces [54]. The role of enlarged superspace
coordinates in the context of super p-branes, Born-Infeld and M-theory has recently been investigated by
[56] . Clifford Spaces are more fundamental than these tensorial spaces.

This work is organized as follows. Section 2 provides the physical motivation for this work that is based
on two different ways to view the physics of branes. One view is to interpret them as composite antisymmetric
tensor field field theories possessing an infinite-dimensional group of volume-preserving diffeomorphisms (
of the target space of the scalar primitive field constituents ) . The other view is related to the large N
limit of SU(N) Yang-Mills theories that is tantamount to the ”classical ” i = 27 /N — 0 limit of the Moyal
deformations of ( Generalized ) Yang-Mills theories.

In 2.1 we will summarize the construction of p’-brane solutions to the rank p + 1 composite anti-
symmetric tensor field theories [2] developed by Guendelman, Nissimov and Pacheva [1] when the condition
D = p+ p' + 2 is satisfied. These field theories posess an infinite-dimensional group of volume-preserving
diffeomorphisms of the target space of the scalar primitive field constituents. In section 2.2 we reviewed
the interplay between ordinary brane actions in ordinary target spacetime backgrounds and the Moyal defor-
mation quantization of ( Generalized ) Yang-Mills theories, in the quenched-reduced approximation. Brane
actions from Moyal deformations of SU(N) Yang-Mills Theories are obtained. In particular, the connection
between the large N limit of SU(N) Yang-Mills (in the quenched-reduced approximation) and p-branes is
displayed. New p-branes actions in terms of a new measure of integration via the introduction of auxil-
iary scalar fields are also studied that are also amenable to Moyal deformations. Section 2 provides the
background material necessary for the remaining sections with contain the new results.

In 3.1,3.2 the basic features of the Extended Relativity Theory in Clifford-spaces (C-spaces) are briefly
outlined that allowed us [16] to construct for the first time (to our knowledge) a unified action encom-
passing the dynamics of all closed p-branes of dif ferent dimensionality in Clifford spaces : namely, the
generalized master brane action in Clifford-space target backgrounds is constructed involving multivector
valued coordinates (antisymmeric tensorial coordinates, representing the holographic areas, volumes, hyper-
volumes degrees of freedom associated with the projections of the several p-brane world-volumes onto their
embedding spacetimes ). The latter unified master action of all closed p-branes ( p-loops ) is what we called
the C-space Brane action.

Section 3.3 is new where we extend the discussion of composite antisymmetric tensor field theories
of volume-preserving diffs in ordinary spaces to Clifford-spaces and provide the Clifford-valued field theory
action associated with a Clifford-valued field, that is the generalization of a massless scalar field action to
Clifford-spaces. In particular we study the implications of a brane-field theory duality in Clifford spaces.
The material in 3.2, 3.3 will be revisited in 6 when we furnish the Noncommutative C-space branes actions
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based on Moyal-Yang star products in C-spaces.

Section 4 is essential to be able to define later on in section 6 the novel Moyal-Yang star products
deformations (with ultraviolet and infrared cutoffs ) of the Master-Brane actions in Clifford-space target
backgrounds . In section 4 we derive the relationship among the Yang’s 4D Noncommutative space-time
algebra [21] (in terms of ordinary 8D phase space coordinates ), the holographic area coordinates algebra
of the C-space associated with a 6D Clifford algebra, and the Fuclideanized AdS5 spaces. The role of AdSs
was instrumental in explaining the origins of an extra ( infrared ) scale R in conjunction to the ( ultraviolet
) Planck scale A characteristic of C-spaces. Tanaka [23] gave the physical and mathematical derivation of
the discrete spectra for the spatial coordinates and spatial momenta that yields a minimum length-scale A
( ultraviolet cutoff in energy ) and a minimum momentum p = h/R ( maximal length R, infrared cutoff ) .

We will show why one of the most salient features of the results of section 4 1is that it agrees with
our previous findings of [25] where a geometric mean relationship was found from first principles among
the vacuum energy density (cosmological constant) pygcuum > the Planck area A\? and the AdS, throat size
squared R? given by (p,)~! = (\)?(R?). By setting the infrared scale R equal to the Hubble radius horizon
Ry and X equal to the Planck scale one reproduces precisely the observed value of the vacuum energy
density ! [25] : p ~ L;fanckR;f = L;4(Lplanck/RH)2 ~ 10*122M§,lmck. Cosmological bounds on the
vacuum energy density and the universe’s entropy based on an upper and lower scale are being investigated
nowadays within the framework of the the 'T Hooft-Susskind-Maldacena holographic hypothesis. A different
approach to the cosmological constant based on exploiting the pseudo-Euclidean signatures of C-spaces and
Jackiw’s definition of the vacuum state has been discussed by Pavsic [17] .

In 5 we construct the generalized Yang’s algebra in Clifford spaces involving multivector-valued coor-
dinates and momenta of arbitrary grade and which yields generalized uncertainty relations consistent with
a volume ( hypervolume ) quantization in units of the Planck scale. The generalized Yang’s algebra in
Clifford spaces is essential to define a Moyal-Yang star product and bracket whose deformation parameter
is comprised now of 3 fundamental physical parameters h.y; = (AA/R). Finally, having constructed the
generalized Yang’s algebra in Clifford spaces, the crux of the last section 6 is to perform a novel Moyal-Yang
Quantization of Generalized Yang-Mills theories in Clifford spaces, in the quenched-reduced approximation,
that yields the sought-after star-product deformations of the brane actions in Clifford space target back-
grounds based on multivector ( polyvector, antisymmetric tensor ) valued coordinates. It is shown that the
novel Moyal-Yang star product deformations of brane actions in Clifford space backgrounds are induced
from the Moyal-Yang star product deformation quantization of Generalized-Yang-Mills theories in Clifford
spaces.

The ”classical” limit ey — 0 is defined by taking A — 0, R — oo but maintaining » = ¢ = 1 in
natural units while implementing simultaneously the double-scaling limit AR = L? = finite. Upon taking
the fer¢ — 0 limit, novel Noncommutative Brane actions in Clifford space target backgrounds are obtained
which are associated with the Noncommutative ”classical” brane dynamics described by nontrivial Poisson
brackets among the multivector-valued coordinates and momenta of the branes in Clifford spaces. The
latter Noncommutative Classical Mechanics has a natural correspondence to the Noncommutative Quantum
Mechanics in C-spaces ( when hcp¢r # 0 ) described by the generalized Noncommutative Yang’s algebra
in Clifford-spaces constructed in section 5 . This is one of the most relevant findings of this work. A
Noncommutative QFT in Clifford spaces (devoid of ultraviolet and infrared divergences ) involving both an
upper R (infrared ) and lower ( ultraviolet ) scale A remains to be developed.

2. Branes as Gauge Theories of Volume Preserving Diffeomorphisms

The purpose of this section is to discuss two different ways to view the physics of branes. One view is
to interpret them as composite antisymmetric tensor field field theories possessing an infinite-dimensional
group of volume-preserving diffeomorphisms (of the target space of the scalar primitive field constituents).
The other view is related to the large N limit of SU(N) Yang-Mills theories that is tantamount to the
"classical ” h = 27/N — 0 limit of the Moyal deformations of ( Generalized ) Yang-Mills theories. This
section provides with the physical motivations behind this work in the sense that Noncommutative branes
in Clifford-space backgrounds are constructed based on a novel Moyal-Yang star product involving and UV
(ultraviolet ) and IR ( infrared ) scale cutofs.



2.1 Branes as composite antisymmetric tensor field theories

In this section we will review the construction of p’-brane solutions to the rank p + 1 composite anti-
symmetric tensor field theories [2] developed by Guendelman, Nissimov and Pacheva [1] when the condition
D = p+p' +2 is satisfied. These field theories posess an infinite-dimensional group of volume-preserving dif-
feomorphisms of the target space of the scalar primitive field constituents. The role of local gauge symmetry
is traded over to an infinite-dimensional global Noether symmetry of volume-preserving diffs. The study of
the Ward identities for this infinite-dim global Noether symmetry to obtain non-perturbative information in
the mini-QED models ( the composite form of QED ) was analysed in [ 1] .

The starting Lagrangian is defined [1,2 ]:
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the rank p + 1 composite field strength is given in terms of p + 1 scalar fields ¢'(z), p?(x)....pPT1(z) .
Notice that the dimensionality of spacetime where the field theory is defined is greater than the number of
primitive scalars D > p + 1. An Euler variation w.r.t the ¢* fields yields the following field equations, after
pre-multiplying by a factor of 9, ,¢“* and using the Bianchi identity dF = 0:
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Notice that despite the Abelian-looking form F' = dA the infinite-dimensional (global ) symmetry of
volume-preserving diffs is not Abelian. The theory we are describing is not the standard YM type .

We are going to find now p’-brane solutions to eq-( 2 ) , where D = p + p’ + 2. These brane solutions
obeyed the classical analogs of S and T-duality [2] . Ordinary EM duality for branes requires D = p+p’ +4.
The latter condition is more closely related to the EM duality among two Chern-Simons p, p’-branes [44]
which are embeddings of a p, p’-dimensional object into p + 2;p’ + 2 dimensions. These co-dimension two
objects are nothing but the analog of higher-dimensional ”Knots” . A special class of ( non-Maxwellian )
extended- solutions to eqs-( 2.2 ) requires a dualization procedure [ 2 ]:
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After this dualization procedure the eqs-(2.2) are recast in the form:
G 10, Gy 1 (B(2)) = 0. 24)

The dualized equations (2.4) have a different form than eqs-(2.2 ) due to the position of the indices
( the index contraction differs in both cases ). Extended p’-brane solutions to eqs-( 2.4 ) exist based on
solutions to the Aurilia-Smailagic-Spallucci local gauge field theory reformulation of extended objects given
in [4]. These solutions are
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(2.5)

where T is the p’-brane tension and the Nambu-Poisson bracket w.r.t the p’ + 1 world-volume variables is
defined as the ordinary determinant /Jacobian:
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All quantities are evaluated on the p’ + 1-dim world-volume support of the p’-brane; i.e. one must
restrict the dual-scalar solutions (5“(90) to those points in the D-dimensional spacetime which have support
on the brane given by z = X (o!,02,...). Solutions to all of the D-dim spacetime region can be extended
simply by using delta functionals §(x — X (o)).



Now we are going to re-interpret these findings in terms of the composite-antisymmetric tensor field
theories ( CATF') of area ( volume ) preserving-diffs [1] that inspired the work of [ 2]. The rank-two composite
antisymmetric tensor field ( CATF ) strength may be written in terms of a symplectic (antisymmetric) two-
form wgyp as :

F{SATE) = 40,0, 0,¢". (2.21)
The next step is to relate the F,EgATF) in terms of string degrees of feedom associated with the large
N limit of SU(N) Yang-Mills and Born-Infeld models in the quenched reduced approximation derived in |
5,6 ]. Another procedure to achieve this is by invoking the string (brane ) analog of wave-particle duality
for point particles which has been coined brane-wave duality in the literature by [7]. For point-particles one
has standard QM wave-particle correspondence :

(1) < o(at). %" o L p(at). (2.22)

Given the relativistic constraint p,p* + m? = 0, upon quantization one recovers the Klein-Gordon
equation

(0,0 + m*)¢(x) = 0. (2.23)

. Thus, standard quantization is the basis for the particle-field ( wave ) correspondence ( 2-22 ) .
The brane/wave duality [7] is just a generalization of the point particle case :

XH(o%) & ¢*(a"). a=1,2. (2.24)

but encoded via the string (brane) kinetic terms given in terms of the Poisson brackets ( Nambu-Poisson
Brackets ) of the string ( brane ) coordinates X*(c%) as follows :

{Xll«’ XV}PB = w“baaXM(a)abX,,(a) —
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The evaluation of the Poisson bracket with respect to the variables ¢!, 0% requires to use the inverse w®

( a 2 x 2 matrix) of the symplectic non-degenerate two-form wg, associated with a 2-dim phase space.
Symplectic-diffs are area-preserving.

The above equation (2.25 ) expresses the composite antisymmetric tensor field strength/string corre-
spondence by interpreting the scalar fields ¢* as the generalized world-sheet variables o® associated with
the 2-dim world-sheet swept by a string for a = 1,2. Therefore, the string/wave duality expressed by eqs-(
2.25 ) is basically a world-volume/target space duality since ¢%(x) represent the mappings ( inmersions )
from spacetime z* to a field-space ¢®. Whereas the inverse maps from the field-space ¢® variables to the
spacetime x# variables is what the maps/embeddings of the string’s world-volume into the target spacetime
background represent. The latter are the maps X*(c®). Hence, eq-( 2.25) is just the correspondence between
a two-dim area measure of the string’s world-sheet and the CATF strength F),, [¢]. It can be generalized to
branes as well.

F31#2~-#p+1 A {XM?XALW """ 7Xup+1}2
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Since this last correspondence between branes and CATF theories, based on brane-wave duality, seems
too heuristic in the next section we will show rigorously why the Poisson bracket has a correspondence
to the Lie-algebra commutator of the large N limit of SU(N) Yang-Mills theory in the quenched reduced
approximation :

{Xu, Xotpp < [Au, A (2.27)

In particular, we will see why the large IV limit of Yang-Mills theory admits strings, membranes and bag
excitations [ 5,6 ] .



2.2 Branes from Moyal deformations of Yang-Mills Theories

It is essential now to explain the derivation of how Hadronic Bags (branes) [5,6] and Chern-Simons
Branes [44] can be obtained from the Large N limit of Yang-Mills and Generalized Yang-Mills theories
[12] in Flat Backgrounds. A Moyal deformation quantization was instrumental in the construction of p-
brane actions and Chern-Simons branes from the large N limit of SU(N) YM in flat backgrounds. SU(N)
reduced-quenched gauge theories have been shown by us to be related to Hadronic Bags and Chern Simons
Membranes in the large N limit [5,6,8] . This is reminiscent of the chiral model approaches to Self Dual
Gravity based on Self Dual Yang Mills theories [9] .

A different approach than the quenched-reduced approximation relating the large N limit and the
Eguchi-Schild action for strings and Matrix Membranes was undertaken by Zachos et al in [14, 50]. Most
recently extensions of Moyal-deformed hierarchies of soliton equations and noncommutative KP hierarchy
have been studied by Muller-Hoissen and Dimakis [53 |. A Moyal deformation quantization of the Nahm
equations associated with a SU(2) YM theory yields the classical N — oo limit of the SU(N) YM Nahm
equations directly, without ever having to use oo x oo matrices in the large N matrix models. By simply
taking the classical A = 0 limit of the Moyal brackets, the ordinary Poisson bracket algebra associated with
area-preserving diffs algebra SU(co) [ 10, 11] is automatically recovered.

This Moyal deformation approach also furnishes dynamical membranes as well [5] when one uses the
spatial quenching approximation to a line ( one dimension ) , instead of quenching to a point. In this
fashion we constructed what is called a QCD membrane. Basically, a Moyal quantization takes the operator
/Alu(x“) into A, (x#;q,p) and commutators into Moyal brackets. A dimensional reduction to one temporal
dimension ( quenching to a line ) brings us to functions of the form A, (¢, ¢, p), which precisely corresponds
to the membrane coordinates X, (¢, o*, 0?) after identifying the o® variables with ¢, p. The A = 0 limit turns
the Moyal bracket ( after dividing by ik ) into a Poisson one. Upon the identification of h = 27/N |, the
classical i = 0 limit is tantamount to the N = oo limit and it is in this fashion how the large N SU(N)
matrix model bears a direct relation to the physics of membranes. The Moyal quantization explains this in
a straightforward fashion without having to use co x co matrices !

We will briefly review [5,6,8] how a 4D Yang-Mills theory reduced and quenched to a point, and supple-
mented by a topological theta term can be related through a Weyl-Wigner Groenowold Moyal ( WWGM)
quantization procedure to an open domain of the 3-dim disk D3. The bulk D3 x R! is the interior of a hadronic
bag and the (lateral ) boundary is the Chern-Simons world volume S? x R! of a membrane of topology S?
( a codimension two object ). Hence, we have an example where the world-volume of a boundary S? x R!
is the lateral-boundary of the world-volume of an open 3-brane of topology D3 : 9(D3 x R') = §? x R!
(setting asside the points at infinity). The boundary dynamics is not trivial despite the fact that there are
no transverse bulk dynamics associated with the interior of the bag. This is due to the fact that the 3-brane
is spacetime filling : 3 + 1 = 4 and therefore has no transverse physical degrees of freedom.

The reduced-quenched action to a point in D =4 is:

12r, 1
S =—=(=) Tr(F,, F*).

4( a) o (F )

F,, =i[D,,D,). (2.28)

Notice that the reduced-quenched action is defined at a ” point ” x, . The quenched approximation
is based essentially by replacing the field strengths by their commutator dropping the ordinary derivative
terms . For simplicity we have omitted the matrix SU(N) indices in (2-28). The theta term is:

2
Sy = —9196‘:324 (%)%WWTT(FWFPU). (2.29)

The WWGM quantization establishes a one-to-one correspondence between a linear operator D, =

9, + A, acting on the Hilbert space H of square integrable functions in R” and a smooth function A, (z,y)
which is the Fourier transform of A,(q,p). The latter quantity is obtained by evaluating the trace of the
D, = 0, + A, operator summing over the diagonal elements with respect to an orthonormal basis in the
Hilbert space. Under the WWGM correspondence , in the quenched-reduced approximation, the matrix
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product A,.A, is mapped into the noncommutative Moyal star product of their symbols A, *x A, and the
commutators are mapped into their Moyal brackets:

[A/u Au} = {A/u AV}MB = A/L * A, — Ay * ‘AH (230)
where the Moyal star product is defined as

(A, x A, ) () = exp [ (ih/2) w™ 0D 9] A, (&) Au(E2)les—eame
with
£ = (qi:pi) = (91, G2, -G, D1, P2, -.Pn)  a,b=1,2,3,....2n. 0

The trace operation is replaced by an integration w.r.t the internal phase space variables , ¢ = ¢, p’

2
(WW)?’ trace — /d4a. (2.31)

The WWGM deformation quantization of the quenched-reduced orginal actions is:

1 27
* = —— | — y22
S 4( iy oF (o) x F* (o).
Fuv = i{Au, Avt v (2.32)

And the corresponding WWGM deformation of the theta term:

* ngM 27 4 vpo 4
Se ].67T2 ( a H r /d O.‘FF“/( )*]:po( ) (2.33)

Performing the following gauge fields/coordinate correspondence:
27
Au(@) = (57)*Xu(0)

Fuv(o) — (%)1/2{XM(O’)’XV(O-)}]\/[B~ (2.34)

and by setting the Moyal deformation parameter ”%” = 27 /N of the WWGM deformed action, to zero, by
taking the ”classical” h = 0 limit, which is tantamount to taking the N = oo limit, one can see that the
quenched-reduced YM action in the large N limit will become the Dolan-Tchrakian action for a 3-brane [12],
in the conformal gauge, moving in a flat D = 4-dim background

1 2
ay / B {XF, Xy o (XP, X} o5 Tppr (2.35a)

S:
4gYM a

due to the fact that noncommutative Moyal star products reduce to ordinary commutative pointwise products
and Moyal brackets collapse to the ordinary Poisson brackets in the A = 27 /N = 0 limit ( large N limit ) as
follows :

1
lim h—0 E {A/u AV}MB = {A/MAV}PB' (23b)

It is essential to include the ik factors in the denominator as shown.

The 6 term Sj in the large IV limit becomes the action for a Chern-Simons membrane whose world
volume is the 3-dim boundary of a 4-dim hadronic bag . For further details and more references of the
interplay between SU(N) Born-Infeld actions and Nambu-Gotos strings in the large N limit see [5,6] . A
quenched-reduction process to a line instead of quenching to a point allowed us to construct a Matrix model
of a QC'D Membrane [5] via the Moyal quantization method of SU(N) YM. The resulting action [5] has
the same form as the Matrix model of Banks et al [ 49] . Other types of p-brane actions were also derived
from a Moyal quantization of the Generalized Yang-Mills models (GYM) described in [12] . A confinement
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mechanism via the relationship between strings and the Wilson Loops associated with the large N limit
of SU(N) YM, following this Moyal quantization approach in the quenched-reduced approximation, was
attained in [48] and a Moyal deformation of gravity in AdS,, x S™ backgrounds was presented in [48].

Having reviewed how brane actions can be obtained from the large N limit of quenched-reduced SU(N)
YM we proceed with the construction of new types of brane actions that are amenable to Moyal star product
deformations in a straightforward fashion. The reparametrization invariant action for a point particle moving
in a flat target spacetime:

1 X?
S = 5 m /d’re(T)[e<7_)2 +1]. (2.36)

after introducing the auxiliary einbein field e = e(7) and eliminating it from the action via its algebraic equa-
tions of motion and plugging its solution back into the original action gives the well known reparametrization
invariant action in terms of a (dimensionless) affine parameter 7 along the particle’s worldline:

S = —m/dn/|XﬂXﬂ|. (2.37)

Guendelman et al generalized such point particle action to the (super) string case [13] by introducing a
modified measure of integration, independent of a metric, involving auxiliary scalar fields. Next section we
will construct new types of p-brane actions [ 48 | (in flat spacetime backgrounds) that will be amenable to
deformations of the Nambu-Poisson brackets, after making the following correspondence in eq-(2.37):

(dX/dT)QH({X‘ul,XHQ, ...... ,Xﬂp+1}NPB)2-

m < T,

/dTe(T) — /dp+1o{¢)1,¢2,....,¢p+1}. (2.38)

where the measure in the r.h.s of (2.38) is the one introduced by [13]
The new p-brane actions based on a modified-measure are given then by [48]

1

S = 75/ derlg {¢1’¢27““’¢p+1} [7

Tp  {Xm, XH2, Xbs, ., Xt )2
(p+1)! {o1, 0% .o prtl)?

+ 1] (2.39)

Notice that the new measure of integration has the same dimensions ( units ) as the p-brane tension. Such
worldvolume reparametrization invariant actions are just a new version of the reparametrization invariant
Schild actions for p-branes where the auxiliary determinant field e is replaced by the Jacobian measure
involving the auxiliary Guendelman scalars. Eliminating the Jacobian measure ( the auxiliary Guendelman
scalars ) from the action (2.39) via its equation of motion, and inserting its value back into the action (2.39),
yields the standard p-brane Dirac-Nambu-Goto actions given by the p+ 1-dim world volume spanned by the
p-brane in its motion across the target spacetime background.

Now we turn to the deformations of these new types of p-brane actions by deforming the Nambu-Poisson
brackets. When the dimension of the the worldvolume p+ 1 = 2n is even, one can recur to the star products
applied to the even-dimensional phase space formalism and deform these p-brane actions. After 30 years, the
construction of Quantum Nambu Mechanics has been recently settled by Curtright and Zachos [14 ] since it
remains unclear whether or not this problem can be solved by the Zariski Abelian deformation method [ 14 |
due to the fact that it does not satisfy the three crucial properties of antisymmetry, Liebnitz derivation rule
and the fundamental identity that should be obeyed by any (quantum) bracket. Zachos and Curthright [14]
defined the quantum Nambu brackets (QNB) by the signed sum over all permutations of the star products
of functions of the even-dim phase space variables:

(A1, Agy oy Al = D (1) P Ap, 5 Ap, 5k Ay, (2.40)
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it is explicitly antisymmetric, by construction, however the Leibnitz derivation property and the fundamental
identity of the QNB are not explicitly manifest. Even-order Quantum Nambu Brackets ( QNB) can always
be resolved into sums of products of commutators, for instance [14]

[A,B,C, D]* = [AaB]* * [Cv D]* - [A,C}* * [BvD]* - [AvD]* * [C’ B]*+
[C, D], % [A, B, — [B, Dl  [A,C]. + [B,Cl.  [A, Dl.. (2.41)
with

[A,Bl,=A*B—BxA. (2.42)

In the case of a four-dim space of topology S? x S? (a four-volume can be written as wedge-products
of areas) it follows from the SU(2) Moyal-bracket algebra, and the crucial commutator-resolution of the
four-bracket given by (2.41), that the Liebnitz and the Fundamental Identity properties are indeed satisfied.

This procedure can be generalized to spaces of topology 52 x S2 x .... x §2. Hence, for even-dimensional
worldvolumes, p+1 = 2n, the deformation of the p-brane actions (2.39), in the preferred volume unimodular
gauge:

{6, 0%, ., " Inpp = 1. (2.43)

is attained by replacing:

({Xlil’X,uQ’XHs’ ..... 7)(up+1}]\”33)2ﬁ
(X, Xy Xy oo Xpo Lo [XP0, X2 X1 X o], (2.44)

» < Hp+1

Where the QNBs of the p-brane’s embedding spacetime coordinates X* (o) in (4-10) is given explicitly
in terms of the signed-sum over all the permutations of the star products:

[XHr, XH2 XHs L X4, = X (o) %« XP2 (o) « X3 (0) % ... x XFP+1 (o) + permutations (2.45)

The even 2n-dim phase space variables required in the evaluation of the star products q1,p1;q2, P2; .--Gn, Pn
can be identified with the p + 1 = 2n worldvolume variables ¢!, 62, ....0%2" , respectively, of the p-brane.

The reason we chose to fix the unimodular gauge by choosing a preferred volume in (2.39), leaving
a residual symmetry of volume-preserving diffs, is to simplify the deformation procedure of the p-brane
action because the presence of denominators in the action (2.39) will complicate matters. Therefore, in the
unimodular gauge (2.43) , the deformation of the p-brane action (2.39) in flat backgrounds in terms of the
Quantum Nambu Brackets (QNB ), when p + 1 = 2n, is

1 T2 1
S = ‘§/dp+1”[_ﬁ(imﬁ<[Xul,Xm, ..... s Xppiale) 2 1 {0h 6%, 0" e = 1. (2.45)

In the classical limit A = 0 it reduces to the classical action because the star products collapse to ordinary
pointwise commutative products and the QNBs divided by (ih)P*! collapse to ordinary NPBs since the
denominator factors of (ih)P*! in (2.45) are absorbed by the QNBs in the classical A = 0 limit leading to
ordinary NPBs.

The deformed p-brane action when p+1 = 2n = even is invariant under deformations of a subalgebra of
the volume-preserving diffs since an even-dim volume can be written as wedge-products of area-forms. We
should notice, however, that there are volume-preserving diffs that do not always amount to area-preserving

diffs.
3. Field Theory and Branes in Clifford-space Backgrounds

In this section we will introduce the novel physics of branes in Clifford spaces.
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3.1 The Extended Relativity Theory in Clifford Spaces

The Extended Relativity theory in Clifford-spaces ( C-spaces ) is a natural extension of the ordinary
Relativity theory. For a comprehensive review we refer to [16 | . A natural generalization of the notion of a
space-time interval in Minkwoski space to C-space is :

dX? = dO? + dx, dz" + dz,,, dzs" + ... (3.1)

The Clifford valued poly-vector:
X =XMEy =Q 1+ 2y, + 2"y, Ay + 2By Ay A Y (3.2a)

denotes the position of a polyparticle in a manifold, called Clifford space or C-space. The series of terms in
(2) terminates at a finite value depending on the dimension D. A Clifford algebra Cl(r,q) with r + ¢ = D
has 2P basis elements. For simplicity, the gammas v correspond to a Clifford algebra associated with a flat
spacetime :

12{y*, "} =n". (3.20)

but in general one could extend this formulation to curved spacetimes with metric g*” . The multi-graded
basis elements Fj; of the Clifford-valued poly-vectors are

Ey = 1, 7“7 /Yllfl A7H2a pyln /\,Yuz /\’}/Hg, 7#1 /\’Y“z /\,yﬂs A il /\,VND' (3’20)

It is convenient to order the collective M indices as p1 < po < pg < ...... < Up.

The connection to strings and p-branes can be seen as follows. In the case of a closed string (a 1-
loop) embedded in a target flat spacetime background of D-dimensions, one represents the projections of
the closed string (1-loop) onto the embedding spacetime coordinate-planes by the variables z,, . These
variables represent the respective areas enclosed by the projections of the closed string (1-loop) onto the
corresponding embedding spacetime planes. Similary, one can embed a closed membrane (a 2-loop) onto
a D-dim flat spacetime, where the projections given by the antisymmetric variables z,,, represent the
corresponding volumes enclosed by the projections of the 2-loop along the hyperplanes of the flat target
spacetimr background.

This procedure can be carried to all closed p-branes ( p-loops ) where the values of p are p =
0,1,2,3,....D — 2. The p = 0 value represents the center of mass and the coordinates z*¥,z#"?.... have
been coined in the string-brane literature [32] as the holographic areas, volumes, ...projections of the nested
family of p-loops ( closed p-branes ) onto the embedding spacetime coordinate planes/hyperplanes.

The classification of Clifford algebras Ci(r,q) in D = r+ ¢ dimensions ( modulo 8 ) for different values of
the spacetime signature r, g is discussed, for example, in the book of Porteous [19]. All Clifford algebras can
be understood in terms of C'L(8) and the C'L(k) for k less than 8 due to the modulo 8 Periodicity theorem

CL(n) =CL(8) x Cl(n —8)

Cl(r,q) is a matrix algebra for even n = r + ¢ or the sum of two matrix algebras for odd n = r + q.
Depending on the signature, the matrix algebras may be real, complex, or quaternionic. For furher details
we refer to [19)] .

If we take the differential dX and compute the scalar product among two polyvectors < dX TdX > scatar
we obtain the C-space extension of the particles proper time in Minkwoski space. The symbol X denotes
the reversion operation and involves reversing the order of all the basis v* elements in the expansion of X
. It is the analog of the transpose ( Hermitian ) conjugation. The C-space proper time associated with a
polyparticle motion is then :

< dXTdX >geqtar= dX* = (dQ)* + AP 2dz, da" + A*P~*dx,,, da" + .. (3.3)

Here we have explicitly introduced the Planck scale A since a length parameter is needed in order to tie
objects of different dimensionality together: 0-loops, 1-loops,..., p-loops. Einstein introduced the speed of
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light as a universal absolute invariant in order to “unite” space with time (to match units) in the Minkwoski
space interval: _
ds* = Adt* — dayda’. (3.4)

A similar unification is needed here to “unite” objects of different dimensions, such as x*, x*”, etc... The
Planck scale then emerges as another universal invariant in constructing an extended scale relativity theory
in C-spaces [16].

To continue along the same path, we consider the analog of Lorentz transformations in C-spaces which
transform a poly-vector X into another poly-vector X’ given by X' = RXR~! with

R=¢""Fa = exp [(61 4 0%y, + 04 F2y, A vyy,...n)] (3.5)
and

R = e "Ba = eqp [—(01 + 0%y, + 0", Ayl (3.6)

where the theta parameters in (2.5, 2.6) are the components of the Clifford-value parameter © = §4E, :

0; 0% 617 ... (3.7)

they are the C-space version of the Lorentz rotations/boosts parameters.

Since a Clifford algebra admits a matrix representation, one can write the norm of a poly-vectors in
terms of the trace operation as: || X||> = Trace X? Hence under C-space Lorentz transformation the norms
of poly-vectors behave like follows:

Trace X'* = Trace [RX?R™'] = Trace [RR™*X?] = Trace X*. (3.8)

These norms are invariant under C-space Lorentz transformations due to the cyclic property of the trace
operation and RR™' = 1. Another way of rewriting the inner product of poly-vectors is by means of the
reversal operation that reverses the order of the Clifford basis generators : (y* Ay”)T = 4¥ Aq#, etc... Hence
the inner product can be rewritten as the scalar part of the geometric product < XTX >, . The analog of
an orthogonal matrix in Clifford spaces is R = R~! such that

< XX >,=< (R"YX'RIRXR™ >,=< RX'XR™! >,=< X'X >,= invariant. (3.9a)

This condition R = R™! | of course, will restrict the type of terms allowed inside the exponential defining
the rotor R in eq-(3-5) because the reversal of a p-vector obeys

(Yer A Vg eeeee N 'yup)T = Yoy N Vppo1 oo N Vg AN Vg = (—1)p(p_1)/2'yu1 A Ypgeeee AV (3.9)

Hence only those terms that change sign ( under the reversal operation ) are permitted in the exponential
defining R = exp[0* E4].

Another possibility is to complexify the C-space polyvector valued coordinates = Z = ZAE, =
XAE, +iYAE, and the boosts/rotation parameters 6 allowing the unitarity condition U = U~ to hold
in the generalized Clifford unitary transformations Z’ = UZUT associated with the complexified polyvector
Z = ZAE 4 such that the interval

< dZVdZ >, = dQdQ+ dz'dz, + d2"dzy, + A2 P Az, + e (3.9¢)

remains invariant ( upon setting the Planck scale A =1 ).

The unitary condition Ut = U~! under the combined reversal and complex-conjugate operation will con-
strain the form of the complexified boosts/rotation parameters 84 appearing in the rotor : U = exp[ 04 E4 |.
The theta parameters 4 are either purely real or purely imaginary depending if the reversal F A ==+F A,
to ensure that an overall change of sign occurs in the terms #4 E 4 inside the exponential defining U so that
Ut = U~ holds and the norm < Z'Z >, remains invariant under the analog of unitary transformations in
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complexified C-spaces. These techniques are not very different from Penrose Twistor spaces. As far as we
know a Clifford-Twistor space construction of C-spaces has not been performed so far.

Another alternative is to define the polyrotations by R = exp (O04B[E4, Eg]) where the commuta-
tor [Ea, Eg] = FapcEc is the C-space analog of the i[y,,v,] commutator which is the generator of the
Lorentz algebra, and the theta parameters ©45 are the C-space analogs of the rotation/boots parame-
ters V. The diverse parameters ©48 are purely real or purely imaginary depending whether the reversal
[Ea, EB]T = +[E4, Eg] to ensure that Rf = R™! so that the scalar part < XX > remains invariant under
the transformations X’ = RX R~! . This last alternative seems to be more physical because a poly-rotation
should map the E4 direction into the Ep direction in C-spaces, hence the meaning of the generator [E 4, Ep|
which extends the notion of the [y,,7,] Lorentz generator. We refer to the review [16] for further details
about the Extended Relativity Theory in Clifford spaces.

3.2 Brane Actions in Clifford-space Target Backgrounds

In the next sections we will develop further the construction of the generalization to C-spaces of string
and p-brane actions [16] as embeddings of world-manifolds onto target spacetime backgrounds which involves
the embeddings of polyvector-valued world-manifolds (of dimensions 2¢) onto polyvector-valued target spaces
(of dimensions 2P), given by the Clifford-valued maps X = X (%) . These are maps from the Clifford-valued
world-manifold, parametrized by the polyvector-valued variables X, onto the Clifford-valued target space
parametrized by the polyvector-valued coordinates X. Physically one envisions these maps as taking an
n-dimensional simplicial cell (n-loop) of the world-manifold onto an m-dimensional simplicial cell (m-loop)
of the target C-space manifold ; i.e. maps from n-dim objects onto m-dim objects generalizing the old maps
of taking points onto points. One is basically dealing with a dimension-category of objects. The size of the
simplicial cells (p-loops), upon quantization of a generalized harmonic oscillator, for example, are given by
multiples of the Planck scale, in area, volume, hypervolume units or Clifford-bits.

In compact multi-index notation X = X™T';; one denotes for each one of the components of the target
space polyvector X:
XM = Xpaszetie ) < iy < < e 3.10

and for the world-manifold polyvector ¥ = 4 E:
A = £Naz@s g1 <ag < ... < as. 3.11

where I'yr = (1, Yy, Vv, ---) and Egq = (1, €q, €qp, ...) form the basis of the target manifold and world manifold
Clifford algebra, respectively. It is very important to order the indices within each multi-index M and A as
shown above. The above Clifford-valued coordinates X, %4 correspond to antisymmetric tensors of ranks
r, s in the target spacetime background and in the world-manifold, respectively.

There are many different ways to construct C-space brane actions which are on-shell equivalent to
the analogs of the Dirac-Nambu-Goto action for extended objects and that are given by the world-volume
spanned by the branes in their motion through the target spacetime background.

One of these actions is the Polyakov-Howe-Tucker action:

1=7 /[Dz}\/@[HABaAXMaBXNGMN +(2-2%). 312

with the 2¢-dim world-manifold measure:
[DX] = (d€)(dE*)(dg™42)(de™@293)...... 3.13
Upon the algebraic elimination of the auxiliary world-manifold metric 42 from the action (3.12 ), via
the equations of motion, yields for its on-shell solution the pullback of the target C-space metric onto the
C-space world-manifold:

HAB(OTL—S}LGZZ) :GAB :8AXM83XNGMN 3.14
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upon inserting back the on-shell solutions (3.14) into (3.12) gives the Dirac-Nambu-Goto action for the C-
space branes directly in terms of the C-space determinant, or measure, of the induced C-space world-manifold
metric G4p, as a result of the embedding:

I = T/[DZ}\/D@Z& (6AXM@BXNGMN). 3.15

However in C-space, the Polyakov-Howe-Tucker action admits an even further generalization that is
comprised of two terms S7 + S3. The first term is:

51 = / DS)[E|EAEP9,X M0 X VT Ty 516

Notice that this is a generalized action which is written in terms of the C-space coordinates X (X)
and the C-space analog of the target-spacetime vielbein/frame one-forms e™ = e™,dz" given by the I'M
variables. The auxiliary world-manifold vielbein variables e?, are given now by the Clifford-valued frame E4
variables.

In the conventional Polyakov-Howe-Tucker action, the auxiliary world-manifold metric h®® associated

with the standard p-brane actions is given by the usual scalar product of the frame vectors e®.e® = eZe’;

gh =
h®. Hence, the C-space world-manifold metric HAZ appearing in (3.12 ) is given by scalar product
< (EMTEB >o= HAB, where (E4)" denotes the reversal operation of E4 which requires reversing the
orderering of the vectors present in the Clifford aggregate E4.

Notice, however, that the form of the action ( 3.12 ) is far more general than the action in In particular,
the S; itself can be decomposed futher into two additional pieces by rewriting the Clifford product of two

basis elements into a symmetric plus an antisymmetric piece, respectively:

1 1
EAEP = 5{EA,EB} + 5[EA,EB}. 3.17

1 1
Fyly = §{FM7FN} + §[F1VIaFN]- 3.18

In this fashion, the S; component has two kinds of terms. The first term containing the symmetric
combination is just the analog of the standard non-linear sigma model action, and the second term is a
Wess-Zumino-like term, containing the antisymmetric combination [17] .

To extract the non-linear sigma model part of the generalized action above, we may simply take the
scalar product of the vielbein-variables as follows:

(S1)sigma = g/[pznm < (BA,XMT ) (EPOXNTN) >0 . 3.19

where once again we have made use of the reversal operation (the analog of the hermitian adjoint) before
contracting multi-indices. In this fashion we recover again the Clifford-scalar valued action given by (3.19).

Actions like the ones presented here in terms of derivatives with respect to quantities with multi-
indices can be mapped to actions involving higher derivatives, in the same fashion that the C-space scalar
curvature, the analog of the Einstein-Hilbert action, could be recast as a higher derivative gravity with
torsion (reviewed in sec. 4). Higher derivatives actions are also related to theories of Higher spin fields
Vasiliev and W-geometry, W-algebras [20]

The Ss (scalar) component of the C-space brane action is the usual cosmological constant term given by
the C-space determinant |E| = det(H“?) based on the scalar part of the geometric product < (E4)TEB >;=
HAB

T
So=75 /[DZHE\(z — 2% 3.20
where the C-space determinant |E| = \/|det(HAB)| of the 2¢ x 27 generalized world-manifold metric H45
is given by:
1
det(HAB) = weAlA?mAzd 63132_”32‘1 IT[AIB1 HA2B2..‘.HA2dB2d . 3.21
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The €4,4,.... Ay is the totally antisymmetric tensor density in C-space. In section 6 we will add some
concluding remarks pertaining the quantization program of C-space branes.

3.3 Field Theory and Brane-Wave Duality in Clifford Spaces

The main result of this section is to discuss the implications of the correspondence

Frvpin ooy FFP2tots o £X, X, X, e { XML XM2 L X Yy pp. (3.22a)

between composite antisymmetric tensor fields and the Nambu-Poisson Brackets ( NPB ) associated with
p-brane coordiantes X*(0%) and its generalization to Clifford-spaces where

F=dA=¢€aqay....ap; 10y @ oovnn Oppir O7H (3.220)
the rank p + 1 composite field strength is given in terms of p + 1 scalar fields ¢! (z), ¢?(z)....¢P 1 (x) .

F:dAZEGIGZ.“_ap+16u1¢a1 ......... aup+1¢ap+1 — { XM17XM27 ..... XMP+1 }NPB =
€192 Tpt1 (8(,1Xm)(8ngM) ............ (agp+1XMp+1). (323)
Notice that

QX HLH2 o fhp sl

{ Xpis Xy Xy WP # o (3.24)

Hence, very strong constraints would be imposed in the C-space dynamics of C-space branes if one were to
set :

OXH1H2--- - Ppt1

{ X Xy oo Xy }NPBNW (3.25)
The C-space target background coordinates admit the expansion :
X(E) = XM(D)Ey = UT) 1+ XH(D) v, + X ()70 Ave + X (D)7 Ay Ap + e (3.26)
whereas the C-space brane world-volume coordinates admit the expansion :
S=Y4Fs=0 140" + 0%y Ay + 70 Avp A e (3.27)
The kinetic terms of a C-space scalar field action is
5= [ DX 6N (@) (0. (3.25)

where ¢ is the scalar component of the Clifford-valued field ® that is a section of the Clifford-polyvector-
bundle whose structure group is the generalization of the GL(dim F, R) group acting on the fiber F; namely
it is the Clifford group acting on the polyvector-valued-fiber and generated by the basis elements E4 . A
special case of a Clifford-polyvector-valued bundle is the Clifford-tangent-bundle when the fiber F has the
same dimension as the base manifold M . Hence, the multi-graded components of the section ® of the
Clifford-polyvector-bundle are

B(X) = P'Eq = p(X) 1+ 0 (X)v, + P°(X)va Ay + oo (3.29)

and the Clifford-gauge-covariant derivative is
Dy @4 = 0y 04 + AR, O
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where A is the conection associated with the Clifford-polyvector-bundle. A natural action associated with
the kinetic terms of the Clifford-analog of a massless field ® is

S = / [DX] GMN Dy ®ADNBBY 45 = / [DX] GMN (9,4 + A8, 0C) (OnDE + AB v ®P)T 45. (3.30)

The action above in the case that ® is a section of the Clifford-Tangent-Bundle can be rewritten as :

S = / [DX] < (D®)"(D®) >,catar= / [DX] < (EMDy @ EA)Y(ENDNOPER) > cqtar - (3.31)

where the frame E4 of the Clifford-Tangent-Bundle is covariantly constant Dy; E4 = 0 and

1 1
GMN = 5 < (EM)TEN + EN(E]VI)T >scala7‘ . TAB = 5 < (EA)TEB + ICB(E‘A)-r >scalar . (332)

The Geometric product among the Clifford basis elements is multi-graded since it contains objects of
different grade given

(EMYEN = {< (EMYEN >, < (EMYEN >0 ... < (BEMYTEN >, }. (3.33)

when r = s, the scalar part coincides with

< (BMYTEN >, _ =< EN(EM) >|,_g=< (EM)TEN >o=< EN(EM)T >, . (3.34)
o904 094 094
A _
o ®” = { 5o’ Dot Bgr’ }. (3.35)
where : oA 5 5 509 ppb

@ SD (I)a @a @a C
gor = own Gwn ownt ow (3.36)

oA Op oP* ot gpabe
o = { 927’ ozr’  BgEv’  omer T } (3.37)

04 dp o0P” 0P opabe
Errial Gl s st S e B ¢ (3.38)
The measure in the target 2°-dim C-space background is :

[DX] = [dQ] [IT da*] [IT dx"¥] [IT dx""?].... (3.39)

while the measure in the Clifford-valued 2?-dim world-volume of the C-space brane is :
[DY] = [do] [T do®] [IT do®] [IT do®]... (3.40)

Given a 2%multiplet of Clifford-scalars

d
ol = ol VP , 0. (3.41)

that defines the CATF in Clifford-spaces, in the same way that one obtained p-brane solutions to the CATF
of volume-preserving diffs in section 2.1 one can find C-space brane solutions to the Clifford extensions
of the ordinary CATF , thus the Brane/Composite-Antisymmetric-Tensor-Field Theory (CATF) duality in
C-spaces is realized in terms of C-space brane actions as follows

O’ — O XM, (3.42)
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so that

d

Frnm,. .. My, [(p1,<p2, ..... ,<p2 ] = €Nl (8M1g011)(aM?<p12) ..... (3M2d@12d) s

Az ot (9gay XY (Ogas XM2) . (0gayg XM20) = { XM XM XM} oy pp. (3.43a)

The following identity holds expressing the determinant of the induced metric G op resulting from the
embedding of the 2¢-dim world-volume of the C-space Brane into the 2P°-dim target C-space background

det [ GaB ] = det [ Gun 8AXM 3BXN } =

W{ XMI,XMZ, ..... 7XM2{1}CNPB {)(]\/117)(]Mz7 ..... ,XMQd}CNPB. (343b)

where XM are the multi-graded components of the target 2P”-dim C-space background and ¥4 are the

multi-graded components of the Clifford-valued 2¢-dim world-manifold associated with the C-space brane.
The Clifford-analog of the brane-field duality relationship [7] discussed in section 2.1 is

\/[FMIMQ ...... Mo (@1 0% @) 2 o [ { XM XM X Mot} 2. (3.44)

The C-space branes actions can be explicitly written in terms of the Clifford Nambu-Poisson Brackets
( CNPB)

S=T / [DY] \/ @ [ Az Azt (Ga; XM1)(Dga X M) (D, XMad) |2 =

1
T / [DZ] \/(2(1)' [{X]\/[17XM2, ..... 7XJV[2d}CNPB{ XMl,XMQ, ..... ,XMZd}CNPB ] (345)

When d = D , all the M indices become saturated since the C-space brane is C-space filling and there
is one term only inside the square-root, hence the square root simplifies giving the standard Jacobian of the
change of variables from XM to the ¥4 described by the Nambu-Poisson Bracket :

Sd=D) =T / [DS] { Xty Xty s Xaru Yonps = / DX]. (3.46)

where the measures [DX] and [DX] were given in eqs-(3.39, 3.40). When D > d, the number of terms inside
the square root in the action (3.45 ) is given by the binomial coefficient 6’225 giving the number of possible
independent combinations of 2¢ elements among a collection of 2 elements.

In section 2. 2 we have shown why the heuristic duality between p-branes and composite-antisymmetric
tensor field theories of volume-preserving diffs in section 2.1 could be me made more precise in terms of the
large N limit of SU(NN) Yang-Mills theories via the Moyal deformation procedure, that could be extended to
Generalized Yang-Mills theories ( GYM ). A Moyal deformation of GYM theories in the quenched-reduced
approximation has been shown to yield p-brane actions [ 5 ] in the case that p + 1 = 2n = 4k . When the
group is compact like SO(2n) and when 2n = 4k = D the GYM Lagrangians in R” are defined [12)]

L =trace ( FM1M2~~~H2TL )2 = trace ( F;illl;fgl;zzzn Ei1i2m~i2n )2' (347(1)

The antisymmetrization of indices is performed with respect to the totally antisymmetrized product

Eiﬂziam ________ fon—1tan — Ei1i22’i3i4 ...... Gon—1i2n —|- permutations. (347())

on the indices i1is.....i2, of the products of the 225~1 x 22¥—1 matrices Y;; corresponding to the chiral
representation of SO(4k). This is just the higher dimensional version of the decomposition of SO(4) into
SU(2) x SU(2).
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A Moyal deformation quantization procedure of the GYM actions [12] , in the quenched-reduced ap-
proximation, in the classical limit # — 0 yields upon using the gauge-field/ coordinate correspondence [5,6]
A, « X, and the trace < [ correspondence the following

Friopon = 4 X X P Xpgy Xy b o { Xpon_ 1, Xpsn } + permutations. (3.48)

and
MwwwhmFH/W%Hamwwﬁﬁwﬁwﬁ (3.49)

The Dolan-Tchrakian p-branes Lagrangians in flat backgrounds [12] when the conformal gauge is chosen
[5] have a similar form as eq-(3.49) after using the expression eq-(3.48) when commutators are replaced by
brackets. The integration domain is now p + 1 = 4n-dimensional [ d*"o and the Poisson brackets must
be taken with respect to an enlarged phase space of variables ¢!, p!,....... ¢*", p?" (since the new domain
of integration is now 4n-dimensional) instead of the variables ¢!, p*, ...... q",p" ( 2n-dimensional ). See the
results of section 2.2 for an example.

Eguchi-Schild types of actions are different than Dolan-Tchrakian actions and involve an integration
domain that is 2n-dimensional over the variables ¢!, p', ......q", p® When the world-volume of the p-brane is
even dimensional 2n one can decompose the Nambu-Poisson-Bracket ( NPB ) as sums of antisymmetrized
products of ordinary Poisson brackets since an even 2n-volume form can be rewritten as

Qe = @ AL® L AW®, (3.50)

Hence the NPB can be decomposed as

{ X;LNXuzv """ ’Xuzn }NPB =

{ X0, X P X, Xy oo d Xpoo 1, X } + permutations. (3.51)

WmﬂﬂmmeH/W%HﬂmmeJ%ﬂ%F=

/ [d2n0] [ { X/LuX,ugv ~~~~~ 7X/,L2n }NPB ]2~ (352)

this last eq-(3.52) is just the p-brane version of the Eguchi-Schild string action ( area-squared ) that is only
area-preserving diffs invariant. One can fully covariantize these volume-preserving diffs invariant p-brane
actions (3.52) by recurring to the auziliary fields of [13] as we discussed in eq-(2.39) of section 2.2 when
we constructed the new fully reparametrization invariant p-brane actions and/or by introducing an auxiliary
metric as it is customary done in the covariant form of Eguchi-Schild actions.

In the next sections we will construct the generalized Noncommutative Yang’s spacetime algebra ex-
tended to C-spaces, which in turn, will allow us to define a Moyal-Yang star product deformations of
Generalized Yang-Mills in C-spaces and establish the relationship with branes in C-spaces . In 6 we will
perform the Moyal-Yang deformations of C-space brane models described by the actions

S=T / (DY) \/[{XMl,XM2, ..... X, Yones |2 (3.53)

and the new p-brane actions studied in section 2.2 in terms of a family of scalar fields which define new
integration measures in eq-(2.39) .

4. The Noncommutative Yang’s Spacetime algebra from Clifford algebras
Prior to constructing the Moyal deformations (based on the novel Moyal-Yang star products with an
UV-IR cutoff ) of the brane actions in Clifford-space target backgrounds discussed in the previous section, it

is essential to discuss in detail the interplay between the Noncommutative Yang’s Spacetime algebra in 4D
involving a lower and upper length scale and Clifford algebras.
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The main result of this section is to show that there is a subalgebra of the C-space operator-valued
coordinates which is isomorphic to the Noncommutative Yang’s spacetime algebra [21] . This, in conjunction
to the discrete spectrum of angular momentum, leads to the discrete area-quantization in multiples of Planck
areas. Namely, the 4D Yang’s Noncommutative space-time ( YNST ) algebra [21] ( written in terms of 8D
phase-space coordinates ) is isomorphic to the 15-dimensional subalgebra of the C-space operator-valued
coordinates associated with the holographic areas of C-space. This connection between Yang’s algebra and
the 6D Clifford algebra is possible because the 8D phase-space coordinates z#,p* ( associated to a 4D
spacetime ) have a one-to-one correspondence to the X S, Xu6 holographic area-coordinates of the C-space
(corresponding to the 6D Clifford algebra).

Furhermore, Tanaka [23] has shown that the Yang’s algebra [ 21] ( with 15 generators ) is related to
the 4D conformal algebra ( 15 generators ) which in turn is isomorphic to a subalgebra of the 4D Clifford
algebra because it is known that the 15 generators of the 4D conformal algebra SO(4,2) can be explicitly
realized in terms of the 4D Clifford algebra as [16] :

PF = MM 4 MM = A1 +°). KM= MM — MM =4H(1 —~%). D=~° M =iy" 4"]. (4.1)
where the Clifford algebra generators :
1. AV ATV Ay =7, (4.2)

account for the extra two directions within the C-space associated with the 4D Cliffiord-algebra leaving
effectively 4 + 2 = 6 degrees of freedom that match the degrees of freedom of a 6D spacetime [16] . The
relevance of [ 16 ] is that it was not necessary to work directly in 6D to find a realization of the 4D conformal
algebra SO(4,2) . It was possible to attain this by recurring solely to the 4D Clifford algebra as shown in
eq-(4.1).

One can also view the 4D conformal algebra SO(4,2) realized in terms of a 15-dim subalgebra of the
6D Clifford algebra. The bivector holographic area-coordinates X*” couple to the basis generators I', AT',.
The bivector coordinates X" couple to the basis generators I'y AT's where now the I' is another generator
of the 6D Clifford algebra and must not be confused with the usual ® defined by eq-(4.2) . The bivector
coordinates X5 couple to the basis generators I'y AT's. The bivector coordinate X 56 couples to the basis
generator I's A I'g.

In view of this fact that these bivector holographic area-coordinates in 6D couple to the bivectors basis

elements I', AT, ... , and whose algebra is in turn isomorphic to the 4D conformal algebra SO(4,2) via the
realization in terms of the 6D angular momentum generators ( and boosts generators ) M# ~ [[# TV] ,
MH5 ~ [T T9],.... we shall define the holographic area coordinates algebra in C-space as the dual algebra

to the SO(4,2) conformal algebra (realized in terms of the 6D angular momentum, boosts, generators in
terms of a 6D Clifford algebra generators as shown )

Notice that the conformal boosts K* and the translations P* in eq-( 4.1 ) do commute [P*, P¥] =
[K#, K¥] = 0 and for this reason we shall assign the appropriate correspondence p* «» X#6 and ot « XH5,
up to numerical factors ( lengths ) to match dimensions, in order to attain noncommuting variables z#, p* .

Therefore, one has two possible routes to relate Yang’s algebra with Clifford algebras. One can relate
Yang’s algebra with the holographic area-coordinates algebra in the C-space associated to a 6D Clifford
algebra and/or to the subalgebra of a 4D Clifford algebra via the realization of the conformal algebra
SO(4,2) in terms of the 4D Clifford algebra generators 1,7%, v as shown in eq-(4.1).

Since the relation between the 4D conformal and Yang’s algebra and the implications for the AdS/CFT,
dS/CFT duality have been discussed before by Tanaka [23], in this work we shall establish the following
correspondence between the C-space holographic-area coordinates algebra ( associated to the 6D Clifford
algebra ) and the Yang’s spacetime algebra via the angular momentum generators in 6D as follows :

~ h -

MM = RS i X (4.3)
~ h A

iM® = ih¥0 iFXE’G. (4.4)
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INZEHS = A o i XM, (4.5)

R N
INZEHO = )\ %ﬁ“ i XM, (4.6)

With Hermitian ( bivector ) operator- coordinates :

(XH)F = XM, (XP0)T = X5, (XM = X#6. (XP0)T = X°6. (4.7)

The algebra generators can be realized as :

0 0
XM =i \2 (XM - XV . 4.8
DX o = X ) (4.8a)
. 0 = 0
XM = A (XH— — X° 4.8b
PN = X ) (4.80)
0 0
XH6 = i\ (XH— — X© . 4.8
X 8XH) (4.8¢)
. 0 0
X0 = iA3(X°— — X6 —). 4.8d
(X7 X, 3 X5) (4.84)
where the angular momentum generators are defined as usual :
MM =™, MM = hEHS. MM = purs. MO% = px5e, (4.8¢)

which have a one-to-one correspondence to the Yang Noncommutative space-time ( YNST ) algebra
generators in 4D. These generators ( angular momentum differential operators ) act on the coordinates of a
5D hyperboloid AdS5 space defined by :

@) )+ (@) @)+ () - (a%)? = R (4.90)

where R is the throat size of the hyperboloid. This introduces an extra and crucial scale in addition to the
Planck scale. Notice that °® = +1. 7% = —1. 5D de Sitter space dS5 has the topology of S* x R! .
Whereas AdSs5 space has the topology of R* x S and its conformal ( projective ) boundary at infinity has a
topology S3 x S . Whereas the Euclideanized Anti de Sitter space AdS5 can be represented geometrically
as two disconnected branches ( sheets ) of a 5D hyperboloid embedded in 6D . The topology of these
two disconnected branches is that of a 5D disc and the metric is the Lobachevsky one of constant negative
curvature. The conformal group SO(4,2) leaves the 4D lightcone at infinity invariant.
Thus, Euclideanized AdSs is defined by a Wick rotation of the 2® coordinate giving :

—(@')? + (%)% + (%)% + (@) + (%) + (%) = B2, (4.90)

whereas de Sitter space dSs with the topology of a pseudo-sphere S* x R! , and positive constant scalar
curvature is defined by :

—(@')? + (2*)% + (2°)* + (%) + (2°)* + (2°)* = - R* (4.9¢)
( Notice that Tanaka [23] uses dif ferent conventions than ours in his definition of the 5D hyperboloids. He
has a sign change from R? to —R? because he introduces i factors in iR ) .
After this discussion and upon a direct use of the correspondence in eqs-(4.3, 4.4, 4.5, 4.6 ...) yields the
exchange algebra between the position and momentum coordinates :

2
[XHO) X50] = —i X200 X Ho [ATR;&#, AEE90) = —iAZpP0 N, (4.10)
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from which we can deduce that :
A 561 _ _ ;.66 h S
[p*, X°° AR (4.11)

and after using the definition N = (\/R)X5¢ one has the exchange algebra commutator of p* and A of the
Yang’s spacetime algebra :

[p*, N = —mﬁﬁﬁx“. (4.12)
The other commutator is :
[(X#2, XP0] = —[X#5 X9 = igPP A2 X M0 o [A2#, N?E%0] = ¢n55A2A2%3#. (4.13)
from which we can deduce that : \R
[2#, 256 = in%Tﬁ“. (4.14)

and after using the definition A" = (\/R)%5% one has the exchange algebra commutator of z* and N of the

Yang’s spacetime algebra :
2

A
(24, N = i (4.15)

The other relevant holographic area-coordinates commutators in C-space are :

(X010, XV = —inPP N2 XM s [3M, 3] = —in® APD. (4.16)

after using the representation of the C-space operator holographic area-coordinates :
N 1 N
iXH i/\QﬁMW = iAZE X0 g ATE5E, (4.17)

where we appropriately introduced the Planck scale A as one should to match units.
From the correspondence :

h h 1 4
A — H6 6
P YHY )\2X . (4.18)

one can obtain nonvanishing momentum commutator :

% U . o LV AL AV . h2 v
[XH0) XV0) = —in N2 XM o [pH, "] = —m%ﬁz# : (4.19)
The signatures for AdSs space are 7°° = +1; % = —1 and for the Euclideanized AdSs space are n°° = +1
and 1% = +1. Yang’s space-time algebra corresponds to the latter case.
Finally, the modi fied Heisenberg algebra can be read from the following C-space commutators :

[X”5,XV6] — Z-nuu)\QXsﬁ PN
A
[ZH, pH] = mnwﬁz“ = i N. (4.20)

Eqs-(4.12, 4.15, 4.16, 4.19, 4.20 ) are the defining relations of Yang’s Noncommutative 4D spacetime algebra
involving the 8D phase-space variables. These commutators obey the Jacobi identities. There are other
commutation relations like [M* zf], [MH¥ p?] that we did not write down. These are just the well known
rotations ( boosts ) of the coordinates and momenta.

When A — 0 and R — oo one recovers the ordinary commutative spacetime algebra. The Snyder
algebra [ 22 ] is recovered by setting R — oo while leaving A intact. To recover the ordinary Weyl-Heisenberg
algebra is more subtle. Tanaka [23 | has shown the the spectrum of the operator N' = (A\/R)¥% is discrete
given by n(\/R) . This is not suprising since the angular momentum generator M?> associated with the
Euclideanized AdSs space is a rotation in the now compact z° — 2% directions. This is not the case in
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AdSs space since n° = —1 and this timelike direction is no longer compact. Rotations involving timelike
directions are equivalent to noncompact boosts with a continuous spectrum.

In order to recover the standard Weyl-Heisenberg algebra from Yang’s Noncommutative spacetime
algebra, and the standard uncertainty relations AxAp > h with the ordinary A term , rather than the nh
term, one needs to take the limit n — oo limit in such a way that the net combination of n% — 1.

This can be attained when one takes the double scaling limit of the quantities as follows :

A—0. R—oo. AR— L2
A A2 pa?

liMy—oo N—= =

From eq-(4.21) one learns then that :

n\? = AR = L*. (4.22)

The spectrum n corresponds to the quantization of the angular momentum operator in the z° — 25 direction
(after embedding the 5D hyperboloid of throat size R onto 6D ) . Tanaka [23] has shown why there is a
discrete spectra for the spatial coordinates and spatial momenta in Yang’s spacetime algebra that yields a
minimum length A (ultraviolet cutoff in energy ) and a minimum momentum p = i/R ( maximal length R
, infrared cutoff ) . The energy and temporal coordinates had a continous spectrum.

The physical interpretation of the double-scaling limit of eq-(4.21, 4.22) is that the the area L? = AR
becomes now quantized in units of the Planck area A\* as L? = nA? . Thus the quantization of the area ( via
the double scaling limit ) L? = AR = nA? is aresult of the discrete angular momentum spectrum in the x°—x°
directions of the Yang’s Noncommutative spacetime algebra when it is realized by ( angular momentum )
differential operators acting on the Euclideanized AdSs space ( two branches of a 5D hyperboloid embedded
in 6D ). A general interplay between quantum of areas and quantum of angular momentum, for arbitrary
values of spin, in terms of the square root of the Casimir A ~ A\2,/;(j + 1), has been obtained a while ago in
Loop Quantum Gravity by using spin-networks techniques and highly technical area-operator regularization
procedures [24] . The advantage of this work is that we have arrived at similar ( not identical ) area-
quantization conclusions in terms of minimal Planck areas and a discrete angular momentum spectrum n via
the double scaling limit based on Clifford algebraic methods (C-space holographic area-coordinates). This
is not surprising since the norm-squared of the holographic Area operator has a correspondence with the
quadratic Casimir ¥ 45545 of the conformal algebra SO(4,2) ( SO(5,1) in the Euclideanized AdSs case ).
This quadratic Casimir must not be confused with the SU(2) Casimir J? with eigenvalues j(j + 1) . Hence,
the correspondence given by eqs-(4.1-4.8) gives A2 < \1¥,gpX4B.

In [25] we have shown why AdS4 gravity with a topological term; i.e. an Einstein-Hilbert action with
a cosmological constant plus Gauss-Bonnet terms can be obtained from the vacuum state of a BF-Chern-
Simons-Higgs theory without introducing by hand the zero torsion condition imposed in the MacDowell-
Mansouri-Chamsedine-West construction. One of the most salient features of [25] was that a geometric mean
relationship was found among the cosmological constant pyecuum , the Planck area A and the AdS, throat
size squared R? given by (p,) ! = (A\)?(R?). A similar geometric mean relation is also obeyed by the condition
AR = L?*(= n)?) in the double scaling limit of Yang’s algebra which suggests to identify the cosmological
constant as pyacuum = L% . Notice that by setting the infrared scale R equal to the Hubble radius horizon
Ry and X\ equal to the Planck scale one reproduces precisely the observed value of the vacuum energy
density ! [25] : p ~ Lpt,, R = Lp* (Lptanck/Ri)?* ~ 10712204, . This geometric mean condition
remains to be investigated further. In particular, we presented the preliminary steps how to construct a
Noncommutative Gravity via the Vasiliev-Moyal star products deformations of the SO(4,2) algebra used in
the study of higher conformal massless spin theories in AdS spaces by taking the inverse-throat size 1/R as
a deformation parameter of the SO(4,2) algebra [ 20] . A new realization of holography and the geometrical
intepretation of AdSs, spaces in terms of SO(2n — 1,2) instantons was studied in [27] .

Since the expectation value

A2 nA?
7 < n|2%n >= 7z =L (4.23)
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in the double-scaling limit one recovers the standard Heisenberg uncertainty relations :

Azt Apt > %H <[zH,p"] > || =h. (4.24)

and the commutators become in the double-scaling limit:

[, %% = ﬂ??“;fv“- [p", N]=0. (4.25)
1= L2
[+, 256 = 47;55%;3”. [2#, N =0. (4.26)
)\2
[&#, 2¥] = [p", p*] =0. [&", p"] :mnu”ﬁz“‘ — ihn" 1. (4.27)

Rigorously speaking, when A — 0 the last commutator [z#,p"] — 0 since the generator ¥°¢ is well defined.
It is the large n limit of the spectrum < n|%%|n > that reproduces the ordinary Heisenberg uncertainty
relations.

5 The Generalized Noncommutative Yang’s Algebra In Clifford Spaces

Having studied in detail the Yang’s Noncommutative spacetime algebra in section 4 we must generalize
such algebra to include multivector-valued coordinates and momenta of arbitrary grade. This will be the final
step before one can proceed with the novel Moyal-Yang star products deformations of branes in Clifford-space
target backgrounds ( involving the UV-IR cutoffs ) that is the final goal of this work.

In order to generalize Yang’s Noncommutative spacetime algebra to the full Clifford space associated
with the 4-dim real Clifford algebra Ci(4, R) one needs to enlarge the number of dimensions from D = 4
to D = 12 as follows. Since in the previous section we have established the isomorphism z# < AXH5,
p" > L3546 and (A/R)S°® = N, the generalized nonzero [z, p] commutator must be of the form :

[x#1,#2----un pV1V2---Vn ] — [ AT HLIH2- 11920 0n (E)nzvlw ----- Vn J1J2---Jn } —
b b) R
Z-hnn,ulmusz ..... /J'nyw(i)nz [i1i2..in] [J12.dn] — Z‘h”nmvl#zuz ----- HnVn N[ [ivig..in] 172 j"]. (5.1)

R

where the indices i, j span the extra dimensions as follows : the index i spans over the values ¢ = 5,7,9,11
only, and the index j spans over the values j = 6,8,10,12 only . The ¢ indices are linked to the poly-
vector-valued coordinates x#1#2--#n and the j indices are linked to the poly-momentum variables p*1¥2---¥n
. Further possibilities occur when both indices ¢, j span over all the internal directions 5,6,7,...12. In that
case the commutator (5.2 ) will contain additional terms of the form : pitJi-inin yH1R2-hniva-Vn - For the
time being we shall restrict the indices so that ¢ = 5,7,9,11 and 5 = 6,8,10,12 only. The index n spans
1,2,3,4 since n = 4 is the maximal grade of the Clifford polyvector associated with the Clifford algebra in
D=4.
pHvik2V2.kntn ig ojyen by the determinant of the N x N matrix G,,, whose entries are pHm"» :

1 o e b s
nM1V1M2V2 .... fintn = det Gmn = N|Eilig‘...in6j1j2.mjn”7mlle77“12”]2 """" 77’“” Yin (52)

For example :
nlhl/luzl/z — nlhvl 77#21/2 _ ,'7/41V277M2V1 etc.... (53)

Similar results apply to the definition of n¢tJt-inin,
The generator X*1% which generalizes the %256 = N Yang’s generator is antisymmetric under the
collective exchange of indices :

D [i1d2....in] [J1J2..dn] — -y [G172--dn] [i1i2..... in]_ (5,4)
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and is also antisymmetric in the [iy, 49, ....in] and [j1, j2, ....jn] indices, respectively.
Hence, the generalized (nonzero) commutators [z, N, [p, N] read:

[Xmuzmun kika...... kn % [i192... 0n] [J152.----dn] ] _ ini1k1i2k2~~~ink7nX/J'1H2~~Hn J1d2eeees Jn
)

_injlklhkz----jnknX/tluz---,un 0192 in (5.5)

If the 4, k indices span over the 5,7,9,11 directions only, the second term in the r.h.s will vanish. If the
7,k indices span over the 6, 8,10, 12 only, the first term in the r.h.s will vanish. If all the indices i, j, k span
over all the 5,6,7,...12 directions then both terms in the r.h.s will be nonvanishing. Hence upon using the
correspondence

gHIH2-fin ATV HL[2 i 1192000 pmuzmun PN (%)nEHIﬂZ-HwU'n Jij2.--Jn

(%)"E [i1i2....in] [J1J2.00m Tn] =N [iri2....in] [J12--  dn] (56)
where 7 = 5,7,9,11 and 57 = 6, 8,10, 12, the commutators which exchange coordinates for momenta are :
[IH1#2~~#n7 N [iri2....in] [J172.....dn] ] —_ Z‘nilklbkmminkn)\n( 1 )’npltl,uam,un (57)

(i/A)

and
h M1k
n

Ly A N Vi [i192..vin] [J1d2-dn] 1 — _ipirkidzka.dnkn 2 5.8
v, = —in (" (59)
The generalized (nonzero) commutator of two polyvector-valued coordinate operators is :
P2 Vils..... Vn 1 — 5)\2n [pippz.. ... pnl [vivae....... Vn]
[z , X ] =A% . (5.9)
where
3 [papz.. pn] [viva....... val — ) ivae vn] [pipa....... pn] (5.10)
and is antisymmetric in the p1, po...pt, and v1vs.....1, indices respectively.
The generalized (nonzero) commutator of two polyvector-valued momentum operators is
K12 ft ViV2.....V (Tvay [pip....... Hal [Viva....... Vn]
[paetin, st | — (L Wnsnein] (b, (5.11)

The remaining (nonzero) commutators are:

[xul;tz.“ﬂn’ 3 [vive....vn) [p1p2--.pn] ] — inulVlquz ------ HnVn pP1P2Pr inulpluzpz ------ HnpPn pV1V2Vn (5.12)

[pH1H2"~,U'n’ E [1/11/2“,,1/”] [p1p2--~Pn] ] _ inululuzuz ...... /J«nVnPPIPQ ~~~~~ Pn __ inﬂlplﬂ2p2 ~~~~~ annpl/11/2 ..... Vn. (513)

which are just poly-rotations of poly-vectors and finally the generalized Lorentz algebra in C-space reads:

[ N [mipz...pn] [1/11/2.‘.&”]7 N [p1p2....pn] [T172....Tn] } _ inmpwzm ...... Hnpn Y [viva....vyn] [T172..... 7y ]
_inpln,ug'rg ...... HnTn 3 [viva..... vn] [p1p2..... pn) Z-,r,ulpll/gpg ...... Vnpn Y [papa..... pnl [T1i72..... ) +
inlell/QTg ...... VnTny) (H1pp2- oo -pin] [P1P2--e Pn]. (5.14)

These commutators are the natural generalization of the Yang’s Noncommutative spacetime algebra in
Clifford spaces and obey the Jacobi identities. Since the poly-vector valued coordinates and momenta don’t
commute we expect to have uncertainty relations of the form :
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AgFibzfin Aphihiz.fin > B Aghip2efin Agh1v2evn > A2n (5.15)

These generalized uncertainty relations and the n-volume quantization in units of the Planck scale will be
the subject of future investigation.

6. Moyal-Yang Star Products and Noncommutative Branes in Clifford spaces

In section 2.2 we reviewed the interplay between ordinary brane actions in ordinary target spacetime
backgrounds and the Moyal deformation quantization of ( Generalized ) Yang-Mills theories, in the quenched-
reduced approximation. The crux of this last section is to perform a novel Moyal-Yang Quantization of
Generalized Yang-Mills theories in Clifford spaces that yields the sought-after star product deformations of
the brane actions in Clifford space target backgrounds based on multivector ( polyvector, antisymmetric
tensor ) valued coordinates. In order to achieve this goal one must recur to the results of sections 4,5
describing the (generalized ) Yang’s Noncommutative algebra involving the multivector-valued coordinates
in Clifford spaces. Ordinary branes actions in ordinary target spacetime backgrounds were given in eqs-(3.48,
3.49 ) and eq-(3.52). The purpose of this section is to construct generalized generalized brane actions in
Clifford spaces ( C-space branes ) and their deformations based on the novel Moyal-Yang star products with
UV-IR cutoffs.

Noncommutative Classical Mechanics has a correspondence to Noncommutative Quantum Mechanics.
Denoting the Clifford polyvector-valued indices of different grades by the indices A, B, C.... spanning over all
the multi-graded components of a Clifford polyvector , the inverse of the poly-symplectic form in C-phase-
spaces QA48 is a 29F1 x 29+1 matrix comprised of blocks of 2¢ x 2% antisymmetric matrices consisting of the
entries given by {¢4,¢”} and {p”, pP} along the main block-diagonal, and blocks of 2¢ x 2¢ matrices given
by the entries {p,¢®} and {¢®,p*} off the main block-diagonal such that the Noncommutative Poisson
Brackets (NCPB ) are defined as

{F (@0, G (¢*.p?) ta = (0raF) QP (0r6G) = (0,4 F) {a*,a"} (0,5G) + (9, F) {p*, 0"} (0,2G) +
(0,4 F) {g*,p"} (0,5G) + (9paF) {p™.¢"} (9,59). (6.1)

where the entries {¢*, ¢}, {p*,p?}, {p*, ¢®}, {p*,¢P} can be read from the generalized Noncommutative
Yang’s algebra in C-spaces described in the previous section. In ordinary Classical Mechanics (corresponding
to ordinary Quantum Mechanics) the {¢4,¢®} and {p4,pP} brackets are zero. This is not the case in
Noncommutative Classical Mechanics ( corresponding to Noncommutative Quantum Mechanics ) in C-
spaces. For example, the classical-quantum mechanical correspondence among the ordinary phase space
variables is

{l‘#,l‘”} o - 1 [X'U,XV]. {p/t’pu} o - 1 [P#,PV]- {x“,p”} o - 1

Zheff Zheff Zheff

where the ef fective Planck constant is now comprised of the 3 fundamental parameters, i, A\, R. Hence the

deformation parameter in the Moyal star products induced from the Generalized Yang’s Noncommutative
algebra in C-spaces is fiess = (RA/R) .

In order to recover the Poisson brackets from the generalized Noncommutative Yang algebra commu-
tators in C-spaces provided in section 5 , when taking the ”classical” limit h.ry — 0, one needs firstly to
divide by factors of i(fers)™ where n is the grade of the Clifford-valued coordinate and momentum oper-
ators. Hence, after factoring out the i factors in the numerator and denominators, the Poisson brackets
corresponding to the Noncommutative Classical Mechanics in C-spaces are

[X*, PY]. (6.2)

/\2n
HIH2 .- fhn viva..... Vn — l' - M [#1#2 ------ /—Ln] [V1V2 ------- Vn]_ 6.3
{z , T } iM h, ;50 BVIoE (6.3a)
h 2n
{ pﬂluz..‘pﬂ"’ qu/z ..... Vn } = lim e g j—0 ((hiff)i)nz [ipa..n. .. [T I ZE 2T V.,L]. (6.3b)
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{ ahopztin b phavastn L — plaviliavz...fintn 5 [iri2...in] [j1d2.-dn] (6.3¢)

)

In section 4 we explained how the double — scaling limit behaves :

lim A — 0. lim R — co. AR — L*. (6.4)

We will take the double-scaling limit fiery = (AA/R) = (hA?/L?) — 0 keeping i = ¢ = 1 in natural units
fixed. Upon doing so one will have a nice cancellation in the r.h.s of eqs-(6.3) without singularities leading
to the Noncommutative Poisson Brackets ( NCPB) associated with a Noncommutative Classical Mechanics.
(7 =c=1 units ) induced from the generalized Yang’s algebra in C-spaces described in section 5

{ x#lkmmun’ pY1V2 }NC’PB —L2" % [pipa...... pn] [r1va...... Vn]_ (6.5&)
{ prikaetin Ve Y = 4L12" 3 [rapz. Bal [viva...... vn] (6.5b)
{ gHUH LV n }NCPB — 77#11/1#21/2 ~~~~ Hn¥n [i192....0n] [j172..... j'n.]. (6'50)

where L? = AR in the double-scaling limit.

Notice that the entries of Q47 have different units ( dimensions ) depending on the different grades
among the components of the polyvectors in C-phase-space. Therefore, it is convenient to re-scale all the
quantities by judicious powers of & such that all the terms appearing in the evaluation of the brackets {F, G}
have the same units. Units that we will choose to be i ¢ assuming F,G are dimensionless. Without this
re-scaling the brackets contain terms of different units given by powers of i and whose exponents depend
on the different grades of a polyvector as indicated by the r.h.s of eqs-(6.3). To conclude : Upon using the
natural units of 4 = ¢ = 1 it automatically solves the adjustment problem of units for all the terms appearing
in the evaluation of the brackets {F,G} in eq-(6.1).

Since the deformation parameter is now hess = % the Moyal-Yang star product based on the generalized
Yang’s algebra in Clifford spaces is defined

(F*G)Y) = eap | (ihep/2) Q48 05 052 ] F(T1) G(T2) |, —ryor- (6.6a)
(r1)

where the derivatives 0, '’ act only on the F(Y;) term and 65;2) act only on the G(T2) term.
The Noncommutative Moyal-Yang Bracket is defined :

{F, Gluyp= F+xG —Gx*F. (6.60)

Following our discussion in section 2.2 we will see that the C-space world-volume coordinates $4
associated with C-space-branes will be identified with the C-phase-space variables as follows T = ¥ =

(g ™)
aijazasg

®az g R , @O azead, (6.7a)

aaz peieads  prioz e ad, (6.70)

*=4q, q¢* q

ajazas
)

p* =p, p* p p

the total number of variables (qA7 pA) is 2 x 2¢ = 29+1 which matches the degrees of freedom corresponding
to a Clifford space in d + 1-dim since the dimg Cl(d + 1, R) = 2¢+1.

The 29+ C-phase-space real variables associated with the C-space world-volume of the C-space branes
can be recast in terms of 2¢ complex variables :

74 = qA + ipA =q+ip, q¢*+ip®, ¢ +pM, @Oz td 4 gptraz.ad, (6.8)

Plus their complex conjugates Z4 = ¢ —ip? . In order to match units it is required to re-scale the variables
by suitable powers of A and (i/R) if one wishes to work with dimensionless variables Z A Z4 | For the time
being we should be working with (¢4, p?) instead of (Z4, Z4) variables .
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One of the most important physical consequences of this section is the following : since the world-volume
polyvector-valued coordinates ¥ = (qA7 p?) associated with the C-space Branes are noncommuting because
they obey the Generalized Noncommutative Yang’s algebra described in section 5, like those given by eqs-
(6.3, 6.5), the C-space target background coordinates X = XM (¢4, p?) onto which one embeds the C-space
world-volumes of the C-space branes, will require the use of Noncommutative Poisson brackets themselves
{XM(gA p?) , XN(¢?,p?)}neps # 0 as we shall see next. We must emphasize that extreme care must
be taken not to confuse the world volume variables (qA,pA) with the Clifford-space target background
coordinates XM pPM |

The extension of the Generalized-Yang-Mills (GYM) theories [5,6,12] to C-spaces can be obtained as
follows. Define the gauge connection of the Clifford-Tangent-Bundle as

where the E4, F basis elements admit a representation in terms of 2%/2 x 2%/2 matrices. A Moyal-Yang
star product deformation quantization procedure (along similar lines to the ones described in detail in 2.2
) in the quenched-reduced approximation leads to the correspondence among Hilbert space operators and
functions in phase-space

Fiuny < Fanrn (@, 0%) = { Au(a?,p?)  An(a?,p™) Yenv . (6.10)

since here is no X dependence in the r.h.s of (6.10) due to the quenched-reduced approximation. The trace
operation corresponds to an integration w.r.t the C-space-brane variables. Thus, the gauge-field/ coordinate
correspondence Ans(g?, p?) < Xpr(g?, p?) = X () of section 2.2 yields

FuMi Mo Ms...... Myat1] (qA,PA) = FuMiMs] ¥ Fu[MaMy] ¥ coeeeee * f*[Mszz(Prl] + permutations <
{)(]\/[1 y XM2 }*MYB * {XMZ s )(]\/[3 }*MYB T * {X]\/[2d s )(]\/[2(“_1 }*MYB +permutati0ns:
{)(1\/[1 7X]V[2 ,XM3, .............. ,AX]\/[TH_1 }JVIYNPBo (611)

where the phase-space coordinates are identified with the world-volume C-space brane coordinates T = ¥ =
(¢4, p?) and this allows us to evaluate the Moyal-Yang star product deformations of the Clifford-Nambu-
Poisson-Brackets in terms of the Moyal-Yang Brackets {Xa(¢?,p?4) , Xn(¢?,p*)}amrvs - The Moyal-Yang
quantization of GYM theories in C-spaces leads to

Fadti Moo My < 4 Xty Xatysooooes X0 gy JMYNPB- (6.12)
trace [ Funr M. Myayr * MMz Maai ]
/ [DE} { XM“XM% ..... ’ XM2d+1 }MYNPB * { XM17XM23 ~~~~ s vafgd+1 }MYNPB (613)

which is the Clifford-space brane analog of the Eguchi-Schild action for strings that is invariant under area-
preserving diffs.

In order to implement the full C-space covariance under world-volume reparametrizations of C-space
branes, instead of the restricted invariance under volume-preserving diffs , we can recur to the reparametriza-
tion invariant new p-brane actions (2.39 ) studied in section 2.2 via the introduction of the auxiliary scalars
in order to define a new integration measure [13 |. Noncommutative Clifford-space extensions of such new
p-branes actions like eqs-(2.39 ) will be given by eqs-(6.22) below.

The Moyal-Yang star deformations of Dolan-Tchrakian types of actions will require to enlarge the
integration domain of dimension 2%*1 to one of twice the dimension 2¢+2 and the Moyal-Yang brackets must
be taken w.r.t an enlarged number of variables as well ( twice the number ). In the meantime, we proceed to
evaluate the Moyal-Yang-Nambu-Poisson Brackets (MYNPB) in terms of the Moyal-Yang Brackets (MYB)
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{ Xopzoooin () 5 Xy () 3y B = Xpypin oo * Xogvooovw — Xogwooovn % Xpypioo - (6.14)

given in terms of the Moyal-Yang star products defined by eqs-(6.6) and that correspond to the Noncommu-
tative Poisson Brackets ( NCPB ) in the "classical ” fi.fy — 0 limit

{ X#llLQm-lln(‘r) 7XV1V2~»--V7L(T) }NCPB = (aTAXmuQ----un) 48 (8TBXV11/2..~VTL)- (6~15)

A Moyal-Yang star-product deformation of the above Nambu-Poisson Brackets yields the Moyal-Yang-
Nambu-Poisson Brackets ( MYNPB )

F,ooMsoity) < 4 Xt Xasgs oooos Xtyoy My NPE =
{XM17XM2 }*MYB * {XM37XM4 }*MYB X L., * {XM2d,X]\/[2d+l }*MYB =+ permutations. (616)

where the Moyal-Yang star-product deformations of the Nambu-Poisson-Brackets ( MYNPB ) can be de-
composed as suitable antisymmetrized sums of Moyal-Yang star products of the Moyal-Yang brackets
(MYB) among pairs of variables. And the latter MYB given by eqs-(6.6) are those induced from the
generalized Noncommutative Yang’s spacetime algebra in Clifford spaces whose deformation parameter is
heff = RA/R = hA%/L? in the double-scaling limit. This is the generalization of the Quantum Nambu
Brackets ( QNB ) described in section 2.2

Concluding, the Moyal-Yang star product deformation of the Noncommutative C-space Brane Action
St is

1
T/ [DE]\/ (24+1)! (iheff)2d+1| { Xty Xty oo Xtyay Sy npp + { XM XMoo XMt by vpp |.

(6.17)
where the C-space brane tension 7 has the unit of (mass . The terms inside the square root in the
integrand is just the Moyal-Yang star deformation of the determinant of the induced metric G 4p resulting

from the embedding of the C-space Brane into the C-space target background resulting from the identity

)2d+1

|det (G ap)| = |det [ Gprn 04 XM 0p XN || =

W |{)(1\/[1,)(]\/[27 ..... 7A)(]\jzd+l}1\/'PB{)(]\417)(]\427 ..... 7)(IVIQ(HJ}J\/PB | (618)
In the limit Ai.sf = hA/R — 0, keeping i = ¢ = 1 in the double — scaling limit AR — L? , the MYB
coalesce to the Noncommutative Poisson Brackets ( NCPB ) as follows :

, 1 . 1
{]: ’ g}NCPB =lim Fegs—0 @{f s Q}MYB = lim hess—0 @(}—*g - g*}-)
these NCPB are associated with the Noncommutative Classical Mechanics and were defined in egs-(6.1, 6.3,
6.5, 6.15). Hence, the Noncommutative C-space Brane Action induced from the generalized Yang spacetime
algebra in Clifford spaces ( constructed in section 5 ) can be written in terms of the Noncommutative
Nambu Poisson Brackets ( NCNPB ) as

1
S%‘gnes =T / [DZ] \/(2d+1)| | {XV]\/[I,AX]\/[27 ..... 7XM2d+1}NCNPB { XMl,XM2, ..... ,XM2d+1}NCNpB |

(6.19)
And the Noncommutative C-space Brane version of the new p-brane actions given by eqs-(2.39 ) is
1 T2 -2 2
SNC = _5 [DZ} 57[30} [ _WJ [SD] { XMl’XM27 """ 7X1Wzd+1 }NCPB +1 ] (621)

27



where the integration measure is given in terms of the 291 auxiliary scalar fields

d+1
T ={0",¢% ¥®  }nops- (6.22)

A Moyal-Yang star product deformations of the action (6.21) is more subtle since it requires to write the
deformation of the product J2{........ 12 as (1/2)T.72 % {ee.. 24 (1/2){ }2 % J.2 where the inverse
J. 2 is defined in terms of the star-product Taylor series expansion of the inverse function.

To sum up : the Moyal-Yang C-space Brane actions (6.17) induced from the Moyal-Yang star product
deformation quantization of Generalized-Yang-Mills theories in C-spaces, upon taking the fh.;y — 0 limit,
lead naturally to Noncommutative C-space Brane actions (6.19) associated to the Noncommutative Clas-
sical Mechanics described by the brackets in eqs-(6.1, 6.3, 6.5, 6.15). The latter Noncommutative Classical
Mechanics has a natural correspondence to the Noncommutative Quantum Mechanics in C-spaces ( when
hers # 0 ) described by the generalized Noncommutative Yang’s algebra in Clifford-spaces constructed in
section 5 . This is one of the most relevant findings of this work.

A Noncommutative QFT in Clifford spaces involving both an upper R (infrared ) and lower ( ultraviolet
) scale A\ remains to be developed. In particular, the full fledged Quantization of C-space Branes and the
plausible role of L? to the cosmological constant value p ~ L=* . In [ 25] we have rigorously derived the
geometric mean relationship among the 3 scales L2 = AR . Notice that by setting the infrared scale R equal
to the Hubble radius horizon Ry and A equal to the Planck scale one reproduces precisely the observed
value of the vacuum energy density ! [25] :

p~ L74 == LI_DZQanckRI_JQ - L]_34(LPlanck/RH)2 ~ 107122M§lanck' (623)

The importance of recurring to an Extended Relativity Theory in Clifford-spaces is that it allows us
to work with many branes of dif ferent dimensions simultaneously. For reviews of Noncommutative Field
theories, Yang-Mills and Matrix Models we refer to [36, 38, 46, 51, 52 ] . Some recent remarks about
symplectic methods and Noncommutativity were made in [30, 31, 37] . Noncommutative Riemann-Finsler
Geometries within the context of Clifford algebras have been studied by [45] . Applications of Clifford
and exceptional algebras in the geometrical calculation of particle masses and coupling constants from first
principles have been analyzed by [47] and most recently by us [42]. One final comment we must add is that
the diverse Moyal-Yang star deformed actions are not equivalent to the Moyal-Yang deformed Nambu-Goto
actions since the equations of motion for the auxiliary fields are not longer algebraic but contain an infinite
number of derivatives resulting from the Moyal-Yang star products.
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